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HARVEY MUDD COLLEGE DEPARTMENT OF MATHEMATICS

WRITING MATHEMATICS WELL

Communicating mathematics well is an important part of doing mathematics. As you write up your
homework solutions, keep these things in mind:

o Write in sentences.
Complete thoughts are sentences that end in periods. You may still highlight important
equations by displaying them, but even displayed equations should have punctuation!
Use paragraphs to separate important ideas.

Use helpful connective phrases.
“If”, “then”, “so”, “therefore”, “we see that”, “recall that”, ...

Your audience is other students in the class who have not seen this problem before.
Remind the reader of any relevant facts from class or the book. Your solution should give
adequate detail so that the reader can follow your solution.

It is possible to write too much!
If you write out every triviality, the reader may get lost in the details. This is not good
writing, either. (In particular, really trivial calculations need not be shown.)

Avoid shorthand.
Don’t use arrows, and write out “for all’, "there exists’.

¢ You may wish to outline your problem-solving strategy at the beginning of the problem.

Example. Here are two different solutions to the same problem. Which one is easier to understand?

(0—3)? 4 (x —2)? =25
32=9+ (2% —4x+4)=25
x? —4x — 12
(x—6)(z+2) = 2=-2,6 >0 =6

WHY THIS IS POORLY WRITTEN:

You don’t know what problem the writer was solving.

You can’t tell what’s an assumption and what’s a conclusion.

Where does one thought end and another begin? There are no sentences!

In the 2nd line: combining two thoughts can create untruths (32 is 9 but it isn’t 25).
The 3rd line dangles; what’s being asserted here? It’s not a sentence.

What's the relationship between all these phrases? Connective phrases would help!

Problem. Find a point in the plane on the positive z-axis that has distance 5 from the point (2, 3).

Solution. | The desired point is (6, 0). ‘

To find this, we note if (z,0) is a solution, then = must must satisfy the equation (z — 2)? + (0 — 3)* =
25, which follows from the planar distance formula between the points (x,0) and (2, 3). It follows that
x? — 4x 4+ 13 = 25. Then

2? —4r —12=0.
Factoring, we obtain
(r—6)(r+2) =0,
satisfied by either # = —2 or z = 6. Since we assumed = > 0 and y = 0, we see (6, 0) is the desired point.

WHY THIS IS WELL-WRITTEN:

The writer described the problem, and strategy for solution.

Every thought is a complete sentence with subject and verb (the “equals” sign is a verb).

She answered the question right at the beginning. (Boxing answers is customary:.)

Notice even the equations have punctuation (comma, periods) as they are part of sentences.
She highlighted important ingredients, displayed important equations, avoided trivial algebra.

Writing well will benefit you, too! It helps you structure your own thinking, and you will thank yourself
when you re-read your solutions later.



LI Three dimensional coordinate Agdﬁmd.

R is the JWDL frf’l real, mumbers | ie. numbers without i

R'is the real line S
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z
B’ is ayz-space, ot 3-space ]
(Note: a/w use ng/d Sandl

yule An z%ts Class) / K

C)(> DF&LW %&p[wp@ (Sameaszw)
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1.2 Vectors
A vedst  is a mathematical shject with szgmmde and. direclisr
(Nole: The zer vectis has pagnitide O anid, no directine)

Notatuw: T,V or wu,v
U=<?.—?,1Up,,mj or T -+t

Graph' ?'

Mmm?' Vebocufg, oﬁme, displacement , and. more!
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The wilnde or morme of a vectir Ve<ob.ey is denoted |71

The /’Vbdgmﬁﬂ/e is Computed via |71 = Ja + b7 e

A wit vectir is a veelr with magnitude 1
To Scale up /down any. ectsr V into o unit veck with the directio as T, take V and dinide by 171,
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Reminders
“ WebAss ign 2 alii—midbspbestir ( conclied)

“HW 2 Sec 9.3 #4244, AL A2 A3 (submut fot feedback in OneNote pathook 4 desired)
= Frocline check and. all WebAssion t 93 due Sun ‘

- Kﬁﬂd”‘g / Video assfgnmmf due Mow ﬁmss proguct. )

- ( W%mew Finish Worksheet 12,93

12 Dot product

Motivatioe: What 4o t#e profecin of b owts 77
ex) Draw the /omfécw yg b onts 3
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Prjz b

Consioler (£) What s W ng&%ewﬁ{ each pw/ecf/aw.?
@) When ds proj, =57
(5) What are some real-lfe  examples aj /Ibmj}ecﬁomz

The dot product Dj veclors B ond b is wriffen 3-b and Con be computed a5 sither

= Qb + a.b, +a,bs 5:{0\.,0;,037) E'—(lm, b, b5> OR

PVOJE—E = -3 (5—l;> = % (E—/b—> \/w';;r), (W &w?,LM/ pmygj{gﬂ,)

T_ 00 _ )]s scalar!l (st Hhe lenaih and sign
Cowab Z/M the m;chm) d
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Kepmnders
@[/M;Z- 1 tomorrow VMg/}Vﬁ (/4/0 C}LCC&-M/ 7/L0WL01’7’0W>
Do WebAssign 't
Do HWN 2 , Sectioe 94 *2e, sz,ss’iofz%eeolback
(Do homewsrk on. Tume ) Wity academie mzagr%ﬂ

4.4 Cross product

Let G-<o.,a.,05% and b-<b,babs) be vectirs in B2
The cross product ‘5/ G and b, dewsled Gxb, Ao given bOw

T/ 7 k Az - & Q - 1 z T
- - a 03 l/ _ 3 é + Q a J{
a % b = Q& ar Qs = b- bs b, b; b b,
b| bz. b)
* N
orb
a=<0: 3;‘)

/ﬂlfog Ties  (aka the best Ti’&‘ck5>
() Cross product gives o vectsr -

(H> ax—g INY ormaﬂw ﬁ bom E W Z ‘2\ ./\’b\ .
g - - . of b"<0/5/‘[>
(i) The duredion of Zxb is determined bﬁ the rog//ﬂf}mm{ rule—4 7.0

() axbl s o scalar that represents R 1
the area 7 the pamlé&[oﬁmm/ with, sides A and b

V/ﬁrw“ |ax3] (pbc%fe 03 (m)>

Cid o scalar that gites the wlwme ag the parallelepiped with adﬁes ibe

Ponder If we “lower”

—
=
/_\
S
>~
S
~_
o

b b me“gmm,” what
(% B) ‘T Answer(3xb) -2 =0

/

S



15 Lines and. Planes

Lines

Old Wm%a[m : 5 .X+. \ik/\"'“’&i

sl pe mfzmpf

“directm” " ome po mt "

New (Vecﬁr}e%aaﬁm o&/a,ﬁzzw‘ l’”t. - 7
(note: this gzj,uah‘om is ot Mh/%ﬂ-&) P“‘"""“f“"/ divecton ,,,,tm[me Xa

ex) () Find qn 6%4401%70 a line t{/maﬁﬁ the point (s.-5,2)
and. poralel 5 the vector 1,3,°5)

((n'f,?—> s a pomtm the W, S0 Ti=<é;§,2_>
The directiow ¥ is {\,3,-3 ).
The desived lne ts 7=tV + 0

= ¢{1,3,-57+ 86,5 ,2 7

(b) Find ﬁz/ooﬁzar/ﬂoim‘s m 17/4& LM/L&

={t+t , Se3t z—%¢> —

Prrametae Lorm  (awesome)

x= t

¢ i

Z= t
v
n d

ng&fr/'c form (ﬁfgﬂ)

Pick M%ﬁfwf vadues JO/{ t except zero. M tel, we ?at (#,2, %3./18 t73, we %f (‘f,ﬁ‘,oﬁ

€><> Find on equalion. of the line ﬁwuﬁh, pont (2.1,0)  qnd. perpendicalar tr

both V=< 1,217 and W= L0,4,47.

CUVMOMZ VAW 1o (%ww(, directum perpendicalar 15 botp /)({ﬁ/w%

|

Txig=|1 ik - <z(-~h-(-“06-l33 - (o) it -0 > = <—;z) '-t,*%>
2 |
T

) -

Desired line: | F = <2"1‘°’) bt -‘tt>
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Re minders
- WebAssign 1.5

- Ween HW | HW3 Sec 45 #le, 36, and. AL
= Review  conier Sechoms
- Z’)o Quiz 1 on Cow/ms

9.5 Lines and. planes | cont.
%amg: equation of o line s 7 - td+ 7
&5) Fmd an ccgwtt/mﬁ? the line Adgmmf ﬂ/mujh poinls (é,l,5> anol (2,‘[.3’3

The direction. l/dcm/;[ s &orm@d 1051 éwbtmd%g the two pomnts. ;Z’<"1,’3,-2—>
Puek mgoj‘é%a ponts tr be T,. ?o=<é,l,5>

DCSI‘VCO{ }/‘mi 5@9,%@/4;& N F = <é -4 143t 3-2ﬁ> st 2l

ot) Are. lines L and Ly porsdlel, indersecing , skew?
L,: L=t )61=|+2t y £=2 3t
L, A= 3-4s y—.z—as , Bl tas

L has. divections vectar <1,2,3)
L2 has. direction vector <H4,-3,27
The direction vectors are pot. parallel, so Liand Ly are ot pasallel

To.see i L intorsects Lo, Ty B fondd s ond b o that L6 L(6)
I L dnitersects. Lz, then t.=3"1s
|¥2t. = 2-35 fersamc&,t
2+3¢t = 1 +25
Solw‘ng, we g&t J+2(3-45)=2-35
[+ 6 -85=2-35

g =55

szl el
P t ot L gnd. s wide L, & see g LY Lu(s)
Liay=<ot, -,y L (1=K, -, 3Y

L and. Lo do wot intersct, 50 they st be [sken]



Planes
We cant 5'%% a plone axacﬂ? the same way that we specified a line

( Gestire Médﬁa o explain n)hgu>

Vector equation of plane : 7-(F-7)-0
where 7 (s a normal vechor | Vo is o pout am the plane,
i, Frs the generic veddsr <x..27

T Standord éwm/%i M,/OZWL&-‘ arx+by +cz=d
where <a, b.cy 5 a normal. vecor d is a conslant

es). Fisd, an equation. f the plane theoughe. the qoint (6,5.2)
and. perpendicula? & the vedr <2137 Then. fud the anlercepls andd. sketeh.

A= (2,157
n=<6 327
ne(r-r.)=0

Desired. plane :
(-2,1,8 ’(<76,l9,£7 - <6,3,2>>:O
(ars) Lt 43, 225 =0

2 (%6 )+ (8-53+ s(2-2)=0

%%/VWL the x-infercepl. | get ?WZ W zero 5%@&7 for: y.and = udercepts
z-ut . (o0, %)

%t (+5,0,0) y-int. (0,10




<‘.’Xl> FM@M/ Wﬁﬁ%/ jﬂ"i L%e/ﬂ[ﬂﬂ@ COWVM%? PORLS. (0,1, 5 (1,0, , and. (1.1.,0)

Subtract Pownds ﬁ)’W e vects A Wﬁhfb@,m then Take the Cross product 1 gat a
normd, . Vecdor . —\7’<'\J’|O> /(j‘“<0,~l,\7

gxy= |1
-\

— )

=<\}111>

— 0 7¢\,

o -
Let 7 be <o.1,1).. Then our desived plane s 7t - (7-7)=0
1) - (Lag2r = Loy = O
iy {x Yt 217 =0
x+ 3«1 + - =0
’)61—3+ Z =2

ex2) Where does the. bine xe3-t, 3=z+t, z-5t gtersect the plane x—a»flz;? 7

Find € so that. %), %@,Z&) \Sﬂtﬁéﬂ the plane @g/naﬁim)‘

(3-t) - (2+¢) + 2(5%) = 9
8t = 8
t =1

F/'M point %vm by t=[ 7 )= 2 y,(lk 3 N3

/Oomzfgl mterseciomw (2.3, SB

exs) How can you el xf 2 planes are poradlel or Wrsccung,?

Can ng be skew? @



et) Fundl distance betveen the pout (1,2.9) and. the plane 1+2y v b2"5

Plan :

Find vector between 341’&/1/ point and &
rondom. poit .on e, plane. Prject 4

ol the normal. vector of the plone.

Schematic:

(',”LIL‘)

(I,:l:"\) Pr’zj /
f—[/
(1:1,03

Cmmm‘w:
7" L1,-248) - {1,1,0) ;<O,~5J'+>
VY= <5/2167

Comp T - ¥ O3rlArn)

—

———
i J &+ 22rs”

or5) Find distance betieen the pontt (4,1,2) wids the line x-1+t, yes28, 24058

Hint.: First drow a. %wmé pucture
o o plan Uke. i example *-

18

7—
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Reminders

- Quwz 1 coredtima due Wh)ﬁ

~ Compile HW 2= for André

— Fonish  LaTex and 9 proctice” [é’” Fri c/mk-m)
= Keview /00[&% coortnales (éaoi Fm'>

96 Functions and Surfaces

Function of one rprinble Funelin o tivo” voriobles Funclo of >2. Vors
FIR)= K sinl0) fr) = wy sin(2°) flrg,2) = rgze nty)
N N 5 Slr,e,h) = rese +rsing
B - % Z= (K1) + (3-'3 Flotn,ta)= 56
§ ( % mz%rprdﬁd/ as ( % nterpreted as
SN “& 5 mefj%'> "2 15 & funcllow of % and 3,'>
S 1
v | R” (x& plne ) R3  (5-space ) R™
= 8
= SO
‘3'\ n~E
o F (1
/‘@ ( Yoo, tao, ‘F(X-'\/b) %
=) :
R v
i /
S N ;
g5 | = f J
(%e,0) T é (2t Yo, 0O




A z-Trace or crss-secliow
Wi e plane. 2=k Jfor some. Constant

%- lraces and  x-lraces also exist

o SMVWC z«?(x,%) s mmmmg the surface
K.

ex 1) Draw the Traces ”3[ (f(x,ﬂ’éﬁxi} for 2= 00 3,.6,4 Skelek ﬂx,y)

z-0 23> Traces Sketeh,
0% 6 -3x ‘213/ 3> b-dL 2y \“3' intercepts (0.0,6) P (o, 5/f>> (20,0
37‘%%*5 %—«-%w% \ 2T
/-—.""
z=6 z=9 :
b-6-3x2y . A=L-Broy %% '
Y= 3% =-3x-3 s . %
2, >

ex2) Draw the Traces ﬂél ﬂx!ﬂ‘%z

. Sketen f(x,y).

047./ Z=-1,0,1,2

ex3) Draw the Traces a&l K&ﬂ’%ﬁ»gz fr 202,46 . Sketeh ﬂx/y)-



F;//'da,(t;i  Seplenber ?

Remunalecs
- Web/)ssbgw (7(’ ‘77’ (@vey wpﬁfq% ﬂ[w:; 5%)
- Wridten HW 3 @ Sec 9.6 ’ZM:?ZTI—

Sec 17 * 20 lasswme rzo)) 28, 32

A2 (one sworisingmel), A3

- Memorize. 6 %/twﬂfnc Awr/—aoes (9.6 Table 2)

9.7 CngL and, dpherical coordinates

Cg//mdm'ca/ Coordinates
medng paﬂ WW/ML coordhinates

(3D yiew) (Top vrcw)
2 (rleli)

-

Relatimship with Carlesian

r=Jey®
’fﬂne’*;’
z=2
[:Z//)an'ca/
(r,6,2)
X=rcosH
3: rsind

Z-Z



ex 1) What is the ‘5W€ described w cg/:'mln’ca]/ coordinales? Sketch it

(a) r=3

(&) 6-T/

() z=-r*

(d) 42res , 0202T  0zzz]

(&) r<i 004y , D2z &1

J

[ m> WbW OWMMLKV

01/0;/;04L Z-O%/S .

radiuns 3

(O_,\,I\)

(&), solid wedye ﬂ&[ Cheese

z
1

(.

07) /Oémme at mmf%/e

(0” Q “Cd—émlﬂ@ﬂi soluol
2

solid imside



S pherical corlinites

Dm,m/mﬁ ﬂj \Spheri'mé Coordinates

~NE

(p.0.9)

Relatimshup wich Cartesian

L Ky 2z
Cortesian tan 0+ % S pherical
(L4,2) 2 (p,0,0)
X:/)srnqb cos B ’( T
g:losmlp sinf C{r«fz&k letler phi (“-Fc&">
Z =/0<:06(P inzek Letter o (“roe’)




ex2) What is Thus Shape described im aphevical conddinates” Sketeh 4t .

(a) p=2
G 9=

(0 spheve of
mdius 3

(d) solid half dome. with
tickness 1

(0 half- plane

nE

\
~

e

does not extend
A s way.

g

g

ﬁu‘s wag / vy

(e} the wrt%#@ solid
sphere.of radins 5
n e /—r‘rét oclant
Z

Z&) solid Cone W(‘fh
round. cap.
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Reminders
= Think_ about graupmﬁz& fﬂ group project
= Keview paramelric eg,mﬁans

700[@?5 &LC&:W% D Go I student.desmos.com aund, use Class.code. QDCACS

Make 561250(“]/ S cards bg WW? ome. 3D W&mcmliur/plﬁ/mm& eguatin.

Check-in S (due an class o Sept 8>
Consider the %«Mﬂ’c Jurﬁwa given bﬂ 1+ 2= 3‘4— 4
2) Draw the trace 7 This SW”lmce at ?,o

z

) Diaw the trace 7 s \Surface at X=0

F

"

¢) Whmf s the Jhmpa 0? s %ﬂaﬂ(/’t’c Surfcwe? Sketeh it
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Reminders
- Webﬂmg,b /.l
T HWH L7

- Meet up + picK. Topie for 4o . Pprogect (due Thw/)
= Prep ﬁor?mchcckw b fﬂ M?

101 Veclor functions ¥ Space curves

A vector-valued fwnof&}w W a W with codomairs Rl other other words, the otpus is a vectrs
The 3)’%,0/1, of -t Vecar-volued funclino. 1s the set of ail ports at the. tip o the. veclry. owtput

cxi) Flt) = <f:£/ i’j)
Ayl
This is a yectar fwwf/‘m fkamk R
Its graph is 2 lire, Condasnin (2,2)
the pont (22). 4w the direction <1,4)

a

ex2> F(t>><sm(f),ws(f)> 0t <6

Tmes clockwise.

£0,27,47,6T
This is a ygcﬁrﬂwﬁm Olmm/e R’
Jts dmp/’! s Circle o radms 1, 5Z21rzm(ﬁ R 57
at (0,1). and cmrm? the cucle three /

t-T, 3T, ST

w3) @) = Looslt) | sinlt), ty  0¢tedT
S 98T W
This is a veclor /wwfrm fmmk Vil &
[ts graph is a_helix. starting at (1.0,0)
ond amng at (1,0,4T)

NSNS




Mathewaticas plot

eHB find o veclor o!iuncﬁm that represents the Curveag
Wréecm b&ﬁl)ﬁ&//{ Z =4 xH 22‘ and g_;xz
i
Top, view yor' T tried

we* know the carve lies on.
Zz=4x"t yzl so z°must be
B+ @)

N *

# +

€X5> F(",93=<V0059,r5n/19,2\7 , 04r 2l 04042
£ padius 1
This is a Vécl'm/fwwbm &mm /2&735231 w
/£s (jmph 5 A disc ﬂj radius 1. . sw. the. y
plane 2-2. centered at [(0,0,.2).

es 0) What is the dimensim aj wc/bfmphw

examples 1-57

examples -4 e dumensin
example 5 . T domensions



Cmpmﬁam With Veclor -valued, functims

Given a vector - valued functirn , we can compute the fo//owmg t/u'ngj Component-wise

(& Domain ex) The domain 4/ F(t)=§i‘iln(ﬂ,g:L> s 0<t <3
ho restriction t must be £ 3
1t must be
gra%vrtlmo
= < Y Ve . >
O Limit ex) PN\ € Cosi), t+l, e Sinlt) 0<t £30

b ry=<o, 10y

(©) Derivatrive ) Pl = L Inlt) | 44, arctands))
Py =S 53, dE )

() I ntersectiin of ourves exX) 1 particle A travels along. puth. (2= Sk, 4O, 2007 and
particle B Gravels a,lmg path pls)= <X(s\),3(5\),2’15)7,
(0 do their paths cmss? I wecan frd sme t and 5. s that PU1)-PD, then ges
() do the pariicles collide? If we con fnd_some_t, and s, so that ’r‘(tQ'ﬁ(s,) and

b = S0, then yes



F FI'M%JS@OT:&VMJ%// /]

K&WVWL@KS

= WebAssign 10-2 . Week 3 WebAssign due Sun
= Written HW 42 01 #6,25 ) jo.2 #2,26,32,38 ; AL, A2
= Review for Quiz 2

= Think. about growp gm/ohoﬂg ﬁm%}zci

10-2- Derivalives and integrals of vedsr funclims
Vv U

The derivative of o vector (fwwﬁ‘m 7t s denoled 7(t) or .Jéfi. It is computed, by WP%’"&
a% tr each component. That is, if Pie)={aib), ylt), 2(0) /, then

F-( %% 2

Deruntive £6 4in, Cale 1 Derivative B'(t) im Cale 3
* {05 a scalar « T is a vedw
» Pla) is the sloga¢ e F T is o Tanged veclr of the gmph
WW lime at %zo oj P() at. the print T(t.)
tangent vecir 7'(to)

7(0)

£
- I 7%> 15 the 4&05%71/6/%@%0/5 “ If P is the 7005%22;7@@(/ a. parlicle at lume. t,
at time %, then 171 is is Veloa/'fg hen Pl is the l/&/ach‘d% vectys

" 1F PWy-0. then 30 has a horizontal ©E PO, then the path “panses” gt t-t,
mngamr line at x-a.

“ FBra giren “/piomrc”@j a curve, the " Fora given “/p/'cwxe”(gl a curve, the
derivative at o Specitic gund s unigue derivative at a Specific pont depends
N the. specipe choice, 0(71’ Paameli 2alion



The wit £ veckir of PUE) s densted Tio. We. compute T9) by
d/'wd/ﬁ//od;{ the devivative hﬂvz A5 magmﬁwfa

N P )

T(ﬁ;m

ex ) Give an eﬁmﬂ«m 7 e Zngmf Line 7 Fle)-< e, tet, te®) at (1,0,0)

The pomt (1,0,0) occurs on, F(t) when t=0-
The direction yectsr oj the ?ffmgemf lme at (.0,0y s F'(0)

)= Let, tetre”, tated + ety

=Sk, el et (2t*+1) )

FoY=<1, |, oy

The YfMﬁ@M line s Z(f>:<‘,010>+t<\,‘ 17
’<1H:)t,1;7

w2) (e an e%»mﬁ«m/ 7 e ZZMﬁmf line % e curve %{ Andersectiom 7 the Cg//'nders
x‘+3225 ond. y*+ 2°220 at the pont (3%,2)

1) paramelrize curve 7 imtersection
Progectuw o gz—plmc is o circle of radivs 20,
P2 Al 50 let 3;&35051“, Z=\20 sint for 04t 22T

xﬂ,yt 28

Then, the curve lies o X7+ Yr=2§, 5 xe s - (752005t
Curve: . F$)=X m, V20 st (70 sint )

nitersection Pomt (3,4.2) occurs at. t=aresin () p

2) Find ent lune )
Filt)= < —i(zg—zocojz{jl <qooostsmt)/-\55m t, 20 cmt}

Pl (B0 =< %5 =2, 4 Y
Note <4.-3, 67 is also a gmool directiow Veclor:

Z/f) - <3+t+t, 4-3t,2 + é{:>
2 more facts
J 2wy dt= {Jrodt, Jazf>4t/fz(ﬂ4t> [ remember 3 seprate “+c")
o Product rules @ 5[ HOTO]=PRTO + $07@)
o) E[7@® -5 )] = VO GO+ - Tw
© v a)]= VIOXUET VO x W)
 Chain rule LG ]= wltw) 'k



Check-in & (due im class Sept 11)

Find a vectir equation of The curve of anlersecian of the c%mder xt 91-—7_5
and. the plane x+§1+z—:="r’



M m/w(wg, Seplember 13

Reminders

- Webﬁ‘sygm 0.3
- HW H section > 14,5

'JWOLWL Quiz 2

0.3 Arc émg;%

I£ hou have o poramelnzed curve P(t)= {1l 3(1?), Zlf)>, Jow. do you Compule the Z&W
(gdw curve Pome t-a tr. t=b?

, d . P
Notice 9([‘!’)'«;} can be wilerpreted as "We W per unit od t {magbg time)

\J\/#/ We can use the @W?MM{/ Theamm// Adistance
3 o o ule the lengthy of the degment

thot approximales the curve

Add” all the (ingitesinal) segment lengths tr gt the. whste lengthe

Arc length formuln of curve P fhom ta tr £b )
v LL el o

(&) (3 +(8) J¢




Q: What is a qporomedrizallon, /Zw/%?
A lt s a chore o how e want lo ploce a gr/‘dm 4 shape.

I Gle 1 and 2, & functions n[wag& used the 3/'/'0( Sgsﬁm/ m L%é X-OXIS.

(a,F )
‘3 ‘& (b, $t»)
b
Areal = = Amn’fa ) dy
) ) X A0 v T *

In Gle 3, a ({»mwl’ww W% ot have an obvious 3”0{
k=
(civeular fmcg that's In order To /4240/ the am%
low on. The Left +n3é/z‘> ﬁhaof«mce, | need tr pieck
where To slart., which divectippw
rig ?«0, ond when tr end.

) ‘g/ Thats  what a parameliizalon is!

BN



Keparmcﬁ//zmdﬂ[ lyg are L«%gﬁb

Comsider PL)- {5 ¢ ]
Here 15 a gmp/b that shows its. current - parametiization.

¢ .
t=3
s

t=1

t=9

The points fmf Consecutive Values ?/ t tary 4 lot am distance!
We. can chose a different parameliization thats evenly apced wrt arc Wﬁﬂv like s

Here's W:
1) CDWO/OMR» the  arc W ﬂvm a &r‘xw( point Flay 15 an arb/‘tmrg pomt Fl¢).
This 15 called - the arc ng#b functiin - S(£).

t 5 < e
st | Y F (2 (2 4,

2) Take stt) and sobve for t 5 gu have 1)
3) /%/ﬁ s) mh F/f) w 3/’/25 F(f(ﬁ)- Now 7 1 given in Terms 7 mlmﬁt/b 5-’

ex 1) Keparametrize. 7(4)- {3 smt, 3 ost t) , tzo bg its arc [&ng% measured, o (0,3,0).

Stipt) Pe)- KBcost, Bemt, L]
The pont (0,3.0).occurs at t=0.
Find arc [éﬂﬁﬁb {fwooﬁm/ S(t)> f:/ (Beosu) + (-35in W)+ 1* du
= J5 Jie du
“owlo ]:
stt) =tV B
Slep 2) Since s()=tdw . we. solve (fo;/ t ?mf tls)= Vo

Step 3) /%Aﬁ ts) ity Plt) . Fls)- <5 sin () ). 3 Cos (F%B) 7 > , S20

€><7~> What is the arc Zm?m of the carve. um example L. pam (o, 3.0) U (5 sin(&), 3eos(F), v,%) /




T{,tesaiaq,, September |5

Remmnders

- T Quz 2 ﬁmghtf

Go Ie  Sliudent . desmos-com ,use cde QDC ACS and do the. Parametric Mmhm& act?w’iy.

0.5 Bramelric surfaces

ext) Give a vectar (fwwﬁ'm faﬁ the. portiow oj x+3+52 =3 conlaned  insole xqge_ﬁ“f.

1.> Sketeh (Filled-im disc

D) Dopjects
) %W oj rod ius 7’)

=

SRLRLS0

3 Prametrize propeciow B get % and g. Coordinales

F[u,v>=< Ucos V., U sin v, )
0¢Vz2T
04U ¢ F

9 Use. the fﬂéf that our shape lees.on. %+51+3t=3 ﬁ)’%/’nd Z - coordinale.
5= 3-%-

Z-5(3-x —3)
Zz 3(3~ UcosV - Mé/nV)

Flu,v)= < UcosV, Usiny, é(s-ucosv—usmﬂ >
o\V42m
OtuUe 7




cxz) G/'V& Q. poramelrizatlon for - the. portanw ‘5’ z=x‘+3‘ 5@553«”’3 exel, —iﬁgfl.

D) Sketzh 2) Frnd  courenient progectior 3> Use /p/’%fﬁﬁm w 3675
X and ? Coordlinates

Flad={ u_ v 7

J
A 2us |
—1eve |

7lu,v): < U, Vv, u+ve >
-4 el
ey Ll

How parametrize plane wigh pomt P o ope,0)  and veclics G-{o., 0007 and 5=<by, bs, bsy

Veclor equation ?a plane
Flu.v)? <p. peups /T U <a,,a;,a5> + (< b, by, bs>
“oo L f LD

—o0L Lo

exs) Give a veclir epuallon of the plane Though ot (1.2 3)
and wnmmng( Coon=17 and <4000,

F{M:\/>: <I‘Z'5> + M<I/lldl> + ‘/<l/"“7

F(MJV>;<I+V\+\/ R 3»LA+\/>

09 L[| LR

—o0 ¢ \[ L0



Wednesdaou,, September 16

Reminders

= Compile W 4 fn André

B W&b/]ssran 0.5

= Quiz correctis due. D pm ﬁwgki'

0.5 Surfaces (cont)
ex4) Gie a veclsr equallon ad' the.  Sphere 7 radins 2. cenlered ot the ovigin.
Spheres are nice n spherical condinates] In spherical corginates, this, shage would be
prz. 0%z, 0 £ T

Now use the Spherical - 5 “rectangular conversim . formulss b get o nswer.

Formulas

%ajosrn(PCoSQ F/M,V>: X=2 smnu cosV 0+
5=/osm¢ sin@ :_;7 l(}: 2 sin n sinV oz V2T
Z- pcosd z: 2 cosu

ex f\ Find 2 different parometrizations /ﬂr the upper- /m_laé %{ the dphere ﬂa’ rodius 2

paramelnzation 1 Plun)= < 2 smu cos ¥ , 2 smu sinV 2 C°5M> Same as ex4

04t > but. domam oj )

02V 22T is reduced
paramelnzalion 2 0 Flu,v) = <y cos V, usmy, [7m )

osus 2 MSI'Vlg. projection

0 v 52’"‘ Mo{ Xl+ yl-rz":L{.



\Shﬂffmf fai ﬁammafr/‘zm} Jura/—M&S with Crss-scclims z:/wu‘ are Circles (a.k.a. Surlfaces aj revoLuJZow>

£ Spin ’

If a Surfaai Is 3(”8"6#6’0‘ bf)" 'Bpmn/'ng" the 2D (jfa,ah g;?p()(} around a i as then one
ossible - paramelrization (S

F{x,9)=< Z o, A0 ws® £ 5/';49>

OéQﬁ 2T , b whatever it 15 in the

3"’“”;1 ‘61 Jb‘)

ext) Find a reclor eWmm that Figure 11
3«6%!"&7"&5 a gmlph ke this :

F(Ml\/); <M , S(V\(M\)CD:S(VS }5;-/\[M)5I‘A(V>> , Of(/{ézﬂ , 0 ﬁ\[fZﬂ

m Mathemat ica

Parametric Plst 3D [ { u Sinfﬂ(os[ﬂ) Sl Sinfv) f/ fu, 0, ZP'&, {\/, 0, zP;}]



Graphing Project Rubric Math 2400 Section 002 Calculus 3

Group Members:

Timeline for Project

e Sept 16: Project assigned

Sept 17: Project proposals due via email by 11:59 PM

Sept 18: Work on project in class and present progress as Check-in 7

Sept 25: Work on project in class and present progress as Check-in 9

Oct 6: Project and reflections due via upload to Canvas as Check-in 10 (Upload a .NB file of your
Mathematica notebook and a .PDF of your reflection questions. The grade will count toward Check-ins
10, 11, and 12)

Grading Rubric (24 points total)
[ ]

+6 pts) There are at least 12 parametric plots

o (+5 pts) At least five of the equations are different ga@deic surfaces (ellipse, paraboloid, hyperboloid, etc)

(
(
(4+5 pts) At least five of the equations are different curves
(+4 pts) Answer the reflection questions

( )

+4 pts) Pledge below is signed by all group members

Bonus points

+3 pts) Math department favorite

e (+3 pts) Most diverse set of equations

)
)
)
)

+3 pts) Most difficult equation

(
(
(
(

+3 pts

Pledge: I certify that every group member contributed meaningfully to this project

Signature Signature

Signature Signature




Graphing Project Rubric Math 2400 Section 002 Calculus 3

Please complete these reflection questions together after completing your project.

1. Which part of your graph was the most difficult to make? What made it so difficult? How did your team
eventually figure it out?

2. What was your most meaningful contribution to the project?

3. What is one thing you learned about parametrizing shapes from working on this?




h ///'dﬂgr eplember 18

Re mundlers

~WebAssigny 111 apd, week 4 WebAssign due Sun

“Written HW 5 : evergty/u‘ng except 12 . [Kinda /ong_, Start ear/g]
~ Work ow group project o bit @

- Review limit defre of comlinuily (links in Piazza)



C\)(A/'Ck WZ_S ,éa}’ 111 WebAssigr and HW.
Y v

1) A conlouwy map is a piclure uj several z-Traces drawn on the same axes.

ex.  Contour map oj
punction [loy)= y - K

L/Z 2
o 3-1

il

\\\ /7:?::,1

1y

Actual graph

2) Graph fmno/ormaf fons oj 5/7%/& iorinble Wofmnj wirks the Same é—ar multivarinble &Wwﬁﬂw

Given %; F(X\)

- f (X> + 3 6%1‘#5 the gmpﬁ S units
n the positive g-d/'reafww

C P e S)  shefis the graph 5 unts
n the /mgat/ve «-divection

: ’10 (X > V@&Lﬁdﬁ the 2}’&/0% over the
x-axis (tum %/'W —/&)

“ f(-x > Va&kdfs the Wapk over the
Zt—ﬂ.xfé (tum % itz -%)

- 3 4(x) stretohes the 7/’4}9/} bﬁ Q
WV oj 3 i 3—9[:%@@‘2&%»

» $(30 Compresses The graph bﬁ o
é«wfol/ of 3 i Kdivectinw

GI'VCVI z-= 'F(X/Y) PR

- f (X,\/> +5 shifls the ?Fapﬁ S unrts
n the positive Z-divectiow

- f (x+5 ,y) Jh/ac/s the Waph S units

In the megative «-dvectisw
£l yes)  shibts the graph S unts
n the /mgmﬁve J-d:red‘oﬁw

’ ’F(X,y> raﬂﬁcis the graph wer the

Xﬁ—pmﬁ tum, Z ity -2 )

fl-x, y) Vaﬂficﬁﬁ the graph oer the
yz -plane (twm % mtr -x)
filx, - y) V@& (s the graph wer the
XZ —pWﬁ ?ﬁum, g W '3)

. 5¥(x,y) stretehes the gmp/ﬂ bg o
éax,ﬁ);/ oj 3 m Z-directirw

. Hb’)@)’) Compresses the gmph bg o

o of 3 mn X-directio
Fx.3y) ég;;;/arZsﬁs Wﬁmph bg,a

éMfw/ 0; 3 in 9-0[/%60‘@#1@



M m&iag Seplember 21

Kemunder

~ Work on g/’av/oh/'ndak profect

1 Funclions of deveral varipbles (cot)

U

/4 Jca/ar— méued A/u.na?ww con Have W Mm«ng Variables we Nan'fr But the 5rap/w
will become hard B draw because the dimension will be very h/bgzh. We will now discass
how 5 Huink about these /unolzms ﬁ /mm% Variables.

Nolaliow. A/I,wwmw }Ef 1 variable

A/M/me

2 Vars:

Wﬁ‘m 17 B Vord:
Wﬁ‘m /7 N vars:

Graphs

y=1cfx)

2 =Fley)

w = Flxy, ) (ch W comes afler Y2 /7 course . @ >
w=F(x ) %n)

Level sets  (aka traces % the oulput mr)

functinw of 1 var hos ! <ond has level sets of I e
raph of imensiw 1 dimension O drawn i B.. b v ll
that lives n R* ) (We never actually. draw Level scts of f) <5
Graph of $6) - x> these, but I'll draw one here
for the sake oj am/o%)
3=004y"

émncmw(){// 2 vars Lm.vd a
raph ¢f dimensigw 2
that Lives m B>

* L. because ﬂwg'm ers) &
Groph of £lxy)> "4y

N\

ond have level sets of

Adrmension L drgon . R f
(Hlso aolled Level curves

2ox4y?

2

0=x*+y>

o

Lovel sets of Flun)= #°+4°

(concentrie. circles)

Wmm% 2 vars have o
Waph of dimension >
thet lives m B

7 7 ond have level sets of

z

3o x4y HE?
5 Xz‘*')' 2 22

dimension 2 drawn in 123
(Also called Level 5Wfac55

¢
2 2 2
G””‘Ph oa( W=X ty+ z because thegre sur//aces>
, Level sets
(Dot ka/ww bo 2 w- x=+y=+z
draw RY] ) ° o (comcentric spheres)



.22 Limits aud CWM,{}%

When we worked with /uncﬁoms ﬂj 1 wmriable an Calel | we knew thet a limit  existed Af the
limits fram the left and /ug%af both. existed amd were %/ml I each other

$1<)
r1 v ¢
0
/\iﬂn o /
A T ® N P % x ? %
Does ,@ﬂf[x) exrsf7 Does ,Lf_fﬁ '[(x) CXI'S'(:? Does ,Q‘fg ’lQX) 6)(/’5757

/wf Ages/@ /M

The same idea works for fanoﬁms several variables, but now wstead 05[ approwmﬁ a ponk

({«I’Ml/ the é{iﬁ and r/'ghf, there are W%W? many. Wy tr approach the point!

a “r['Pped' hole

'[z (surface has

Does i Floy) exist? Does o 4Gy exsst? Does Jim_Tbey) exist?

(xy)>lap) (xy)->(ab)

@/M Aes /@ /M



Here's how we MW”? Compute limiits ul?abm/;mﬂg

~ 2y
ex 1) &mm (x[,lx{;)yf/(a,v) v j ¢

Tl/ﬁ o approach. (o,0) @lmg X-QXIS.

(top. view))

The. path .of appraach.  contains points whose Y -cowdinaies are all, zer,

o 50 set . yeo, and this will reduce the problem, 15 the linut of a. Livarisble. dunction
. X0 e mw ©
_(""? s %’"Mh x>0 X“fg‘ X0  X* -0 [Note:Thf.s L-var linit does net require /’Hﬁpl'éa['s rule

becouse the numeratir: (s tmlg, 6Xact%t zer and
mt fu.si' gomg . zero 4s.q [,/W,f]

Tl/ﬁ e approach. (0,0 a,[wbg y-anis.

(tp. view)

(ad)

J

!

ﬁadbffﬂ'l’l’"’wh y—) 02.,.52 g—)p 3;

[Jl‘milaf ﬁf a,/dpmao}r/'rl(g a[ﬂg x-mc/'s}

lm 2% = Ui 2 - 0 Spme as before!

» %

T//ﬁ I approach (0,0 a,lmg the line y=2

(twp. view)

(ad)

A

EV”& pout MW% the line y=x has identical % and 4 coolinaies,

/

. i K&
S e dtﬁfﬁrayzz‘: patls "f approach, gire mﬁwnf Wlyes, |Gp-en At g‘ does pot _exsst

SO replace Y With X and et x>0 instead
path of apprach
i KX w1
s x>0, X+X | x20 2K 2 Not. the same!!

X

Here's Whaf'é going on 3%’%@&%& Co;o? and. paste. iy Mathemaliea. By get suileraclive model

surface = Plot3D[x y/(x"2 + y*2), {x, -2, 2}, {y, -2, 2},
Mesh -> 5,
PlotStyle -> Directive[Orange, Opacity[0.8], Specularity[White, 30]]

xa'pproach = ParametricPlot3D[{t, 0, 0}, {t, -2, 2}, PlotStyle -> Directive[Blue, Thickness[.01]]];
yapproach = ParametricPlot3D[{0, t, 0}, {t, -2, 2}, PlotStyle -> Directive[Yellow, Thickness[.01]]];
diagonalapproach = ParametricPlot3D[{t, t, 1/2}, {t, -2, 2}, PlotStyle -> Directive[Green, Thickness[01]]];

Show[{xapproach, yapproach, diagonalapproach, surface},
AxeslLabel -> {x, y, z},

AxesOrigin ->{0, 0, 0},

Boxed -> False,

AxesStyle -> {Black, Black, Redy},

RotationAction -> "Clip",

AspectRatio -> 1.5



Heres a faster Way U dr the same example

. X#
ex 1) (take 2) Compm (%(o,b) ¥‘+3’

E l/arg* line. through the origin Is given /95 the equation e j’ﬂf varims Slpes m.
SO /’@p[acd g_ withy my and let z—o. . Then at the end., .See. i+ %our answer- s constant joraﬂ/ m.

XME i mx® __m
x>p K +(ma)? x>0 (1rmdx* I+ m?
_—.M = /(— ._Ln— = i
/7£ m=| 9 Jm> 2. H'\ me 2 , lrm* 5
DNE

Since Aifferent Values n&/ m . gie. mﬁeren‘t vadues ((/ the W , the limit

* except the lne x-0

Y&f amother oy I do this problem is b use polar condinates. In polor, every’ lincar path
of approach. U the origin is described 53 rso. S Converling B plar, Tnkin the limit as r—0, and

then Cons:‘der/‘ng the %—acf aj Various values o 0 will handle evcry Linear path 7 approach .

* | ruﬂgMEM it this Time.

. x
ex1) (take 3) Compm a%(,,,,) ’ﬁ#g—

rsinb rcos 8 : 20505 6
5 . = Lim L@"—= 059 -sin @
(reos 0) +(rsmg) r—>o r

CW(/l/ﬂi/lf 38 400(41f and. let _r-o. r(/-{;yg
/70 =0, _cs0-smp=0. If 8=/ J €058 sin 0= 6/‘{

Since different Values vj e gire different limit. values . the. limit

DNE




ex ‘Z') EVﬂLM,M‘E [x,%mo,u) x5+ g"

Try a approachs (s.0) a/{m? the. line yamA
. ) 2 : 2,3 . 2 /HC’VM 7}”5 0{06’5_@_ WW
L “KAm& g, g m
: zemiy = O 0/43«0141 limit. is zero!

x30 X +(m)t T x>0 Kemi £>0

/I,Aa  approach (o.0) Wﬁ the curve -y
| Side nite : Attwpting tus Lind
- lmw L Via //dola,r Coorghinates. is a bt subtle.

rcos05m°0
F>p reosh+ rsin'®

lim _recos8sm’@

F-=0 C05*8 + rsm0

L“’”g{’*oo |50 ﬁ”!’g gLL does nat exist.

— 'I/VI /ﬁﬁf— ) . . _’o_ _
/WS, (x,y)&;lwb o 3‘* does not. exist. iF O+ Tekm @ Wnomn - O

if 0= T+ kT divide by zero error;
try some sTher method

39%
ax3 El/amm byron) Kty

/],Aa t&approm (v,0) a/{mg, the line %;Wl%
o | ) , Alert! “This does gt mean the
A Ll A g BE L ortginal limit is zero!

Ad0 KT+ (m)? x>0 | (tmIE | x>0 T am*

Conmvert to polar and, Take the limit as r>o

W 5(:’6059)2—(/’5/719) = lom M
=5 (rcos @) + (rsme)> _r=>o r* F—>o \3//(:0595//!9 = O

Use Sg,aaezc Theorem

Since [&tﬁng r-o i polar accounts (for ol paths 5 (0,0 we may 5@7[6[? say
34y -

(y)->o.0) A 3 :




//{/Lajdmg_ Seylember 22-

Kemunders

- Web/fssl'gm I.2

- HW &, all wroblems

= Work o gmphﬂ% gm:oj'ec?f

”,Z Limits (Con‘l’)

ext) Fvaluate m%mm) (9&3‘) /m(%“r{)

Thas is rwjéﬂ% CLEAMATY ok -for qular cordunaies

% }/z/m[//2> (@0/6 like. 0 --00" s0 use I'Hspstalss vule)

) 3 1'HEpitals ) L2 :
ez //MI(Q, RS Ll T 2 m 22 L,
o e =6 = r>v. T -2

Bes. (104 3‘) I (x°+ 3”> =0

) xl. ed
ex5) Evalyate a%‘i"'u.» x4+é43=

Tya Co’ap/orom,o}l/ (0,0) Mmg the. line ld/t:m%

K™ [, milem*
Aso ArAmD T xap

~ » Alert! This sbes wot mean the
_mEe o [ MEE - ) . L

At + 4m*x* X0 |, Xr+4m* 0/’754%[ W’[ is Zevp !

/]Va waﬁ}ﬂ/’l)m (0,0) @zﬁ% W curve 5/:)62

z 2 7(, b3
XK€ Lo~ & I
%g xt o+ 4 xd x>0 . 5 g

» e’ |
)=o) x4 52




Cm?fm/w}tg

A 6%0%0% f(x,y) is. Contimmous at (a.b) Aﬁ (x%,b) TE(X,Q = flp

To prove £ixyy is condinmons. at (ab) L, (1) Compute L )
) Compute. lab) , and

(3) Soy pourts 1 oand 2 are eg,uaé

exe) Is g(x,g) Continmous o s endive domain?

g(xg) = {(xﬂ 4°) In (g™ ,% (x.y)# (0,0) No , smce (,%ﬁ’f,',,3 (x*+4%) In (2+y?) =0,
1 ) /% (x,3)=(0,0> floo)-1 ,. and .0 # L

ex?) ls g(ngﬁ Continuous o s entive domains”

sy’ ‘ : 51y’
(7[)(&0 = { X+ 32 ) /% (x,g)vb(o,o) /\/0, Since (,%T,o,o) 7(%3‘ does
0 ) /”f (7('3>:(0'0> not. exjst

Check-in 8
Frabuate % 73—



Wemm()@ , Septomber 22

Reminders

- Compile. HWS for Ands

- W&b/lsslgm I3

= Work o gi’&whm# progect

1.2 Partial devryatives

(LOO/( at GéDG@bm demo at www.geogebra.com/m/kdphzd5k)

The partial derivatives of #(xg) with respect t % and y are, respectiely.,

_ o fleh, q) {ly) _ e iy, f4+h) fly)
&X h>» &g h>o

of 3 ) oz
5)(—(x,y) ) E_H"Y) ) 5;(":) , 51 D?(.F

0?%&/ MZ&LW ﬁf’ #L& %WW derivative ﬁ()by) ) ‘Fx )
(me .Sim:'/ar/g ‘fw’ g)

ex1) What is the Sign gé/ %F,Z (% 30 and. %;: (%, w (for the Juncﬁm 9mp/wd below?
What rs the Sign péf %z(%': ?D and. %}(%-, 5»-) é»or the duncl‘fow g,mp/wﬂé below?”

of
a/x(x“‘é") is positive . @(j (x ‘3) o “egaﬁm’

'F JF
%{,"(7‘" 3') is positpve . %’-(%" 3') s MW"C

(%, Yo, F(my.))



of
We. can Compue  ax . by ‘[a/kmg, the. devivative gf Flug) with respect 5 % as a verible and ﬁaldrndq 4 cmstant -

x':ﬁ
ex2) Let f(x,y)= rry Frnd %(E and. gff(o,-s)

o (-G | o2 [z
ax” [ ry)? Lzt y)* o L00B)F Ty 3

o)
cxs) Find % and a’; (5'0’/ 5/'n(;<323=9<+23+3;:

We cant eas/'/ét solve. for 2. 50 we must use imphicit digferertiotuon.
:9972 (sm(xgzﬁ - X+2y 3z )

o2 22
COS(?Cgi\)'?(?"E;*l'Z) =140 35

Xl(/} Coﬁ(?cg?-) %ﬁ - 5%%( =1 *?2605(76#2)

oz 1 ~yzcos(xyz)

% Xg cas[ocgz\) -3

W& /% MJD take /M'g/wr’ordcr derivatives .

- 2/

'](\XX ~ax (ax (W& derivalive with respect tr % ﬁw‘a‘.)
_ /9-( 2

‘l(;y - gy Ly (Wa derivative. with respect ﬁrg_ ﬁw’cc)

2 [oF
'1(;(): - ﬁ(fx) (take devivalive with respect T « Mtﬁm5>

Are. these the. 5ﬂome.7 @

ot
‘l(‘yx = ax 3/y> (We derivalive with respect tr Y MWX)

Clacraut's Thesrem

Suppose T 15 defined o a disk D conthining the point (.00 If both foy and T
are Comlrumons on, D, then £y (a.b)= 1, (a.b)




/ﬂar‘&ﬂl ﬂﬁew'vwﬁves gﬁ 7mmmeiwzc’0{ Surfaces .
[/.e. Surfaces wrilen as ?/u.v)=<%lu~3/gl“"’\2’“f"3> Madaé Z=£(x,y)]

For a garametrized surface Fluvy, jts purtipl derivatives T ond P are compuled. like Hus

)j

—)¢<_a/£ 24 3,’1—> 3y >

— <§2£ 2y 9z
ou ou ' Fu K(: av

)

The gﬁom&frlt meaning /zj Fu is What it is a veclr Wm‘ lo the Surface Pluv) .
But even moe than thmf) Fa s a vechr mlfbgﬁn'f W the curves given /og Constant V.

ex4) Let F(u.\/§$<u cos V', USin vV, fﬁ} ) 0tULs o2
(@ Draw Pluv) and draw several curves given 63 constant U,V values.

Co/ormgmM
IF w0, Plowd- 005> —
w3, Pl L3, 3sm8) 4 ) o
w-d, P> <4 oo, Hamb , 3 )
H v-o, Fluey=<u,o, (5w 7 o

Th Pl BN E o)~




A Tangent plones and linear approximatioe

Linear approximation Dj 94\()()
( 6—m-m/ (ale l)

4

F(x) fla)

7X
3

The logent line of $6)

at x=a is a ?oaoi approximation

0/—0'?— (f/x) near =0

Linear approximation aj 2 £ xy)
(from Gale 3)

2= (040,

%
The langent plane a&/ 70y
At (= (ab) s a 3ana| approximation

J«G"L ﬂx,y) near (a.b)

et) Look at exd in 113, Find the Tongert plane T Plwn) ot the gont (5%)

F[u,\/>”<u cos V', Usin V, m>

T %
v=Th

"t

(CMPMWMJ t, émd normal vector) ,
P, (u) = <ch\/ , 5NV, u(zs-w) >

7= Losont, wast 0

i Yz .3
Rulbs®=S% %57
&

EA%),37

convement mrmal > 3,42 >

VM“FV -

To find W W of a Tt
;MZ, we ma%ﬂnﬁyjﬂ %M
and, a veclor normal. tr the. plane.

Tt - P65y 250 4
Normal vedir: {3 . 3, 41z 7

T

ent plane:
5(%-%)* 3%[’ ) 4z (z4)-0

€X2> WW/&‘& W WI'ZW 00’[ F(u,\/)7<MCoé\/,M5rn v, J—ZS/-MT> ot [31%23'

Solve langent plone equatine for 2.
5(2-2 )+ 3(4-22 ) ryE(z4)-0

(i) 3Y-2E ) 4G 2 - 0E =0
s %) r 319'3—9 -l6fz =-4z 2

L (s(n %) 3(3—3—%5 I6iE)




exd Use a linearization o fley)=xe" at (1,0) 17 approximate £(1,-01)

Step L gptirw A 2 Find wormal vects
tr Wﬂf plane using paramels z atiow

Plux)=<£u ., v, Mew>

W 1"
Yot
Pw-{1 . 0  eewe)
}/V(M'V);<O ) l y, MICMV’\Z/“FYH

Tt 7y= <—e"v(1+w) Jouet 1Y

PR GEIS S

— —
[Cu¥ 1y

\5‘2‘;6/0,7_ " Find gpomt aj W«‘MOZL

K=1
=0 omt : (1,0,1)
zﬁ_’—qtll,o)sl 7

A\

Step 3.7 Write. linearizolim

/_(ac,g) =1 +1(9c~1)+1(y-o)

L(%E}w = Kt &3,

Step L optiw B - Find wormal vects’
tr Wl{f plane using &ormm,{a fr surfaces
of the form z=&(x,y)

]Cx = cw+ xycxy

‘F\/ = Xzexy
-F)‘ ,(m) - 1
‘F)' |lm) - i

normaed- veclst &ormm: <1[% Ay ’17

normad, veclor: < 1,1,-1)

5&/0 4 Use Limearizationw béx pwﬁmg o (1.1,-0.1)

L(i,O\) = 11 +(—o,l> =

S&p 5 State conclustow

For fley)- xe' we knmow|flr1,-00) =1




M UWL@ZL September 27

Reminders

- SW %or Quiz. 3 . Keview problems on Hazza
- W&b/f.ssfgw In.s

- HW 6, all, eeept A2

“HW. 7, dectim 115, AL, A2

“Gp THE THREE HAPPY FRIENDS ® . (HEN SUDDENLY... OH NO.., e i P
WERE JUST STANDING THERE, HERE COMES THE % MONSTER !” ori6! HES EATING. /R <)

MINDING THEIR OwWN BUSINESS...”

“BUT WAIT.,, IT'S 0K, HE'S JUST “BUT, OH NO, HERE HE (OMES “I (AN'T BEAR T0 WATCH THIS,
GOING TO POOP HIM RIGHT BACK | | AGAIN! RUN! RUN AWAY!... DANN, HE'S MAULING MR €’ TO DEATH!
OUT UNHARMED, THANK GOD,” IT'S TOO LATE, HE'S GOT MR e”!» SWEET FANCY MOSES!”®
d
o) o
Z
2\ P
/”
AN
“ THERE'S e” BLOOD AND GUTS “RUN, MR ¥% RUN! THERE'S NO >
SPEWING ALL OVER THE PLACE! | | TELLIN' WHAT THAT -% BASTARD BUT I'7T1 NOT FINISHED YET,
OH, THE HUMANITY !!!” IS GONNA DO TO YOUR SORRY fiSS..."| =—o ¢
OK, BILLY, YOU ARE.
THAT'S ENOUGH,
G SIT DOWN. ) - 2 (eX+ &'+ yX)




.5 Chain rule

In cale 1, we used the chaww. rule ty compute the derivative aa( & composition of funciims.
C/lM/’MG: Given p(x) and g/)() ) d%[ F(d(x))]’ f/(@(x)) . ﬁ'(x) . OF %F%’%

In cale 3, %Mafmu Compasition . iself- ww more Crmplicated. . The output 0;’ . Imner %MOZWU
must be Compatible with the domain of the outer Wm

For each of the compositions below, indicate whether or not they are defined by circling (a) or

Consider the following functions:
(b). If they are defined, fill in the boxes to show the dimensions of the input and output spaces.

K—aﬁ h(z) =€®
RZ»H?\ flz,y) =2 +y? 1. (a)fch:]RDn—)RD

lz,_)} }?\5 (@) = (& + 136 — 3,22 + ) (b) foh is not defined.

R — H’)\S r(t) = (cost,sint,t) 2. (a) hof: ]R > IR
R — R* p(t) = (—sint, cost) (b) ho f is not defined.
R3.2/22 w(z,y,z) = (2z,2y) 3. (a) gow: ]R . ]R

(b) gow is not defined.
4. (a) wcg:R»—)]R
(b) w o g is not defined.

5. (a) fcg:RDH]RD
(b) f og is not defined.

6. (a) gop:RmHR
(b) gop is not defined.

7. (a) rcw:]RDHlRD
(b) rew is not defined.

8. (a) fcp:lRl—)]R
(b) fop is not defined.

9. There are 6 more meaningful compositions of the given functions that were not named above.
List at least three of them.

Chaine rule ( Wmé vers Wv>

\5uppose u s a d%sranimbe (/wwfw'w 0&{ the n variables  %.,%s, ., %n and each ty is.a d%mmu
WWVU oj the m . varvables t ,t., . tm. Then for each i-1.2,.,m

du dx QM e L, du I

du _
9{:,‘ &7(, at. ax; at. &Xh at.




ex1) [F u= x'y+y'25 where x-rset, 3=r5‘e‘t) and, z=r's sint éfrmé ;;; whew 12, s-1,t=0

Step 17 tree diogram

\SW 2 lse. tree & write chain. rule (far H/bs.

ou_ du dr . Ou dy. . du 2z
s 9% 9S &J 25 oz 35

wor U Ug¥g T Uy Vs + Uz Zs
5tép 3 Compuite. derivatives.
e (he)re )+ () zrset ) + (21%2) (risint)

\Sﬁlp 4: p&,{ﬁ M. Vadues ﬂr r,s,t. [Naﬁ‘%f The giten valugs for ris.t also determine vadues for ?C,g,/‘-j

2(2.0,0)= 2
(2,1,0)= 2
Z(2,1,0)= 0
3‘} - (192) (28 )4 (2% 220)(220) 4 (2:220) (2750 )
S r=2

521
t=0

\\
-
co
‘_\_

bH + 0)

i
bﬂ



[mep[ﬁ 2 4006{?/}907660{ br Wﬂ"’ﬂ“)]

ex 5> 34. Wheat production W in a given year depends on the average temperature T and the annual rainfall R.
Scientists estimate that the average temperature is rising at a rate of 0.15° C/year and rainfall is decreasing
at a rate of 0.1 cm/year. They also estimate that, at current production levels, 8W /8T = —2 and
aW /R = 8.

a. What is the significance of the signs of these partial derivatives?

b. Estimate the current rate of change of wheat production, dWW /dt.

/ maﬁor%ﬂm grren
W=W{T., R)

T dR _ _

—_— = —_— = l
Pl O] dt - °
oW W -3
0T =% SR

(a) [ oW, —7_] At current: poductiov levels, each 1'C.uncrease om. Temperative
will reduce wheat . producim bg about. 2. units

[i"i g ] At carrent: production levels, each Llem gncrease -am I’MW
Wil ancrease wheat - producion by about 8. units

(). di_ 3w 4T gkl dR
dt 9T dt oR. dt

\(

(2)(0155 + (8)(-01)

—=”/} uMSP#Wﬁﬁﬂ;tpﬁl//yW



Tuesday September 29
J

Remmders
= U mportant L Do Quiz 3 between. T =10 pm

115" Chain rule  (ont)

WWWL’M,p" Let. Wist)=Fluse V5. Draw o Uee diggram and. wrile the Chaon rule for l/\/s.

W
o Wé’ WMM5+WVVS

w- v
N /N
S t s t



£x 2) [hw 7 prob A1 Show th«f Mg Jmoﬁaw of the fom % - f (x+at) +5(7<'mf) is a Solutiow
o the wave. equatiory g?““ 2. la /5ammch consstant ]

\5&’,/0 1% tree WVW’VI z

5k
Xt %t
Jf&p 2 Use tree & write chain rule for —g%éz , %zf: Try.on.your g
Z, .7 Zefe . 248 Zy? o
Zee=(Ze)e= (Ze)fe + ZelB)e + (29)e Ge + 2 (). Zy = -

= Z;:,F[‘kaz + ZZ#j‘E:gt %ML T Z’a{.{:bt + Zjﬂt’t

A~
A AT

Otep 3! Compute dernties.
2.-0 v 0 + 0 +  4-dflat) + 1:9°9"(x-at)

WA war~

=.a° ( qf"[x+ak5+ﬁ"(x—af)>

\S@p 4 Cmpm Wg}ﬁ’msmm*ﬂwﬁﬁdﬁm‘%@m sides are. egual-



.S Prob 11

14. Let W(s,t) = F(u(s,t),v(s,t)), where F, u, and v are differentiable, and ¥ /D
u(1,0) =2 v(1,0) =3 OWM_ZZ;U/ Lxants
us(1,0) = -2 v,(1,0) =5 %MA% m

u(1,0) =6 v(1,0) =4
Fu(2,3)= -1 F,(2,3) = 10

Find W,(1,0) and W;(1,0).

W5: F(Auj + FVVS
ch’ Fm(/it‘l' F\/\/-(;

C/\\</
N

Ws (1:0> = Fu(u(l-tb/vf"‘)’> Us (1) + E(M(I,QIVCI,D)B Ve (1.0)
“Flz2,3) () + Rz, 3. (5)
= (Y =2 T (o) (5

L

Wt(h@ = F, (utwy, ) u, (13 + Fluos, \/[1,o)> V, (1)
D A TN G e

Note about WebAss g

/mpéﬁol% Functign: Theorem  (see book) LS menimed o last -3 Wﬁmg’ 1.5 N@b/fssfg)v.
Its ot important alﬂi’ Us ~ eidher follow the given dormulo. ot do dmplicit differentiatim the same sy o hare before




[/\)MSW September 29

Reminders
= Compile. HW 6. por André
= Swbmit Quiz 3 corrections bﬁ 10 pm

1.6 Directional derivatives and. Be gmdéerﬁf vector

Derivatives we know [Md love) s for
" For vector - valued, me-parameter Curves F() , we kmw Pt) is. the W?‘Wl’_ vector: tr the. Curve

T /{'({)
I@ S ()
* For vector -valued, tivo-parameler Surfaces Fu.v), we know the partiol devivalives 7y and. 7o are veclors
tangert B the surface (ie. they li amthe tangent ploaned.

* For Scalar-valued. (/mwﬂms 2=F(x,3) , the parliol derivatives Jy and Fu are scalors that gﬂ/c"f/td slope of
the curve given bg fxmg_ a constant Value 7oy and. %, respectml%.

A\




Now ntrotucing. .. he gradient |

“ For a scalar valued Jmofww z-flxy) [or w=1f(x,y,;)] the gmaﬁ&mt ”é{ F s the
vector a&f porlial derivatives {fy , -F7> [ar <¥x,-F,,-Fz7] . In darmalz notatigw,

grad £ = VF -6 60 Lo (kb))

ex 1) Compute. the gradient zg d”x/y)”]fx‘—g‘. Draw the level curves and. some gradient Veclors
o the Same axes.

V.F; <—2><,’2y> Some specifrc values aj v e
~ vf (0,0 = 0,07 /
g (10)= {2,007 /
v§ (20> <4 ,07 C} - X
7l (z,6)= {2,-2z) kJ

betler wutue /9(7 Mathematica

C/ccfons nst
rea ng U scale

SWW%GV oW, means smﬂergmwm
ie. less sleep.

Nome @l/lf? Arrpw /pomfs “Mp'/
trward, %L(?hﬂi/ (7n>ww£.

Notice every veclor .is or?,’/wgomﬁ /3
the circles o the. Contowr: plat.

TM is Consislent with oul
/(wa/fof?t that z= ?—x‘—/ is
A downward qparaboloid.




%foparﬁéé 03[ the groduent
* Nt graphe is dramne in the domasw of . L& For #6353, drmw 9F on R*]
* Its amph, s & bunch o veclors
* Each 3mdwrut Veclor points 4w the durectiow if festest ancrease (ie. steepest uphill)
* Each 3radawt veclor at a. point is orthogom tr the level Curve through/ that point.
* The magnitude of each grudient veclir is the - yale of change of { the direchim. of the veclr

exX Z,> [NDVU with more df'man,&fMé!U Let T(XIZ"Z>= x4 y"—*z’- be the uwcrm%{ a room.
(a) Compute VI and use Mathematica t plot VT

V- <2><, 2y 227 Mathematico code :

VectorPlot3D [{2x, 2y, 2z}, {x, -4, 4}, {y, -4, 4}, {z, -4,4}, VectorColorFunction -> "Rainbow"]

(b) Draw a /cw Level Surfaces b convince. yourself. thil e ﬁmdbtmf’ veclirs are orthogonal to Level Aurdfacc&

z
T This gradient poits “outward " [ m porlanit WW %7% later:

A omdl. odl level surfaces are spheres. If a Surface con be interproted, as the
o # level surface of some. hugher -dimensional
W quctine {, then T prosuces vectis
orthogonal tr the Surface. This makes
%/Mlpﬂg ‘(ngaﬂf Pplanes Very. easy. ]
() A sneay bee. is at. (-3,04). In what direction Shoual it Hu 17 cool, dlpum fastest 7

VT(’3,0,4>: <‘6, 0, 8> . Thﬁ d{;recfwro% %&SZ‘Z’&T‘: ﬁmpemﬁra decrease. s <{6,0,-87.



Here's gef another derivatire |
: Fm’ A Stalar - valued. %unoﬁm 0/ and. o fixed unit. vectar U, the divectional den‘mt&mg{’ afm the direclion of 0o

D,f=vf-a

DF'F' IS & stlar that gives the rute of change 4f £ aw the divectim of . It is the same iden s fror fa , but ﬁ/mﬂ, an arbb'fmg
vector U instéaol n&{ a,lm? Curves fiven bﬂ fixed .y or %.

exa) [F ﬁfbﬁswwﬁé bee v example 2. %lmmmdmm L1, 1,0%, is it 3&7,1‘”? cooler?

VI ={an 2y, 227
VT(’330/4>: <’(9/O/8>
M/Vbl/t VﬁCﬁl/oaL <!,I,07 IR ﬁ=<ﬁ/}2‘_zo>

DaT=(eosr-{E E0)
=752 es the bee is coling off , but wit
& quickly as it would BEE if # flew
v the directun {6.9,-87 , opposite
the gradient.



Fmdwg, October 2.

Reminders

— AU Week ¢ Webdssign. due Sunday before midnight

= HW F, section 1.6

= Work o graphing project (due Oct 6, TuesT)
= Keview (ale 1 cmeept aj Mox/min /probldms,



Directional Derivatives and the Gradient Vector Math 2400

Definition. The directional derivative of f at (xo,yo) in the direction of the unit vector
u = (a,b) is
f(xo + ha, yo + hb) — f(z0, yo)

h

Dy f(xo,y0) = }lllg})

if this limit exists.

Part 1: Find an alternate definition for the directional derivative of f at (zo,yo) in the direction
of the unit vector u = (a, b).

Define a new function g : R — R as follows
g(h) = f(xo + ha,yo + hb).

1. Verify that ¢’(0) = Dy f(x0,y0) using the limit definitions of the derivative and the directional
derivative.

2. Use the chain rule and the fact that g(h) = f(z(h),y(h)) where z(h) = z¢ + ha and y(h) = yo + hb
to find ¢'(0).

3. Use your answers to parts (1) and (2) to give a formula for Dy, f(xo, yo).

4. What does the directional derivative Dy, f(zo, yo) represent?

Athena Sparks, CU Boulder 1



Directional Derivatives and the Gradient Vector Math 2400

Part 2: Cliff is hiking Montana Derivado. Go to https://www.geogebra.org/m/raxnv2b8 to see
the surface f(z,y) that represents the mountain.

1. Each of the following points represents a location on the mountain the Cliff has hiked by. For
each point, find the directional derivative in the direction of u.

(i) (wo,50) = (=1,—1),u=(0.9,-0.43) Dy f(z0,90) =
(ii) (1’0, yO) = (27 1)7 u= <_0'87 _0'6> Duf(x07 yO) =
(iii) (1"07 yO) = (17 O)’ u= <07 1> Duf(xO, yO) =

2. What does the values of Dy, f(xg, o) you found above represent?

3. For each of the following points, find the unit vector u such that Dy f(xo,y0) is the largest
and the unit vector v such that Dy f(xg,yo) is zero. Draw the vectors on the contour plots

below.
(zo,Y0) Dy f(xo,y0) is the largest Dy f(xo,y0) is zero

(i)  (1.5,1.5) u= v =

(i)  (3,-1) u= v =

(i) (—1,—.8) u= V=
— S I\
FampZN N e
[N N
\_‘\\ R\\ /

4. Fill in the blanks.

(a) The directional derivative of f at (zg,y) in the direction of u is largest when u is
to the contour line at (zg,y0). In this case, u is

pointing in the direction where the mountain is

(b) The directional derivative of f at (zp,y0) in the direction of u is zero when u is
to the contour line at (xo,yp). In this case, u is
pointing in the direction where the mountain is

Athena Sparks, CU Boulder 2


https://www.geogebra.org/m/raxnv2b8

Directional Derivatives and the Gradient Vector Math 2400

Definition. If f is a function of two variables x and y, then the gradient of f is the vector
function V f defined by

Vf(a:,y) = <fx(x7y)afy(x7y)> = fx(x7y)l+ fy(xay).]

Alternate definitions. The directional derivative of f at (zg,yo) in the direction of the unit
vector u = (a,b) can also be written as

Dy f(z0,90) = ‘u
= cos(6)

where 6 is the angle between and u.

5. How can we use these alternate definitions to prove the statements in Problem 47

Part 3: Now, Cliff is hiking Montagne Vecteur. The surface of the mountain is given by the
following equation

flo,y)=4— 0.5\/3$2 — 2.5xy2 + yt.
1. Find Vf(z,v).

2. Go to https://www.geogebra.org/m/fcvck9ca to see the surface f(x,y). A contour plot
of the mountain is shown below. Find the following gradient vectors and plot each on the
contour plot below.

/;:,:T (i) Vf(-1.3,142) =
/ //7 / (ii) Vf(0.55,—1.54) =
R (iif) Vf(4 01,1.15) =

Athena Sparks, CU Boulder 3


https://www.geogebra.org/m/fcvck9ca

Directional Derivatives and the Gradient Vector Math 2400

3. Cliff is at the point (—1,—1). He is debating whether he should take the steepest path to the
top of the mountain or stay at his current elevation and go around.

(a) What direction should Cliff head if he wants to take the steepest path to the top of the
mountain? Explain.

(b) What direction should Cliff head if he wants to go around the mountain, staying at his
current elevation? Explain.

4. After deciding to go around, Cliff is at the point (2,1.27) when he spots a bear at point
(1.6,1.1).

(a) What direction should Cliff run if he wants to run in the opposite direction of the bear?
Explain.

(b) What direction should Cliff run if he wants to run down the steepest part of the moun-
tain? Explain.

Athena Sparks, CU Boulder 4



Mmdwa,, Octotier, 5

Reminders

_ Gmp/mg ¢MM due Tomorron ( betore mWWb)
~ uploadl reflectin + pledge as checkim ||
-email me the NB Jile

- Web/]ssrgw 1.1, prblems 2,345

1.7 Mox + mun values

In Cabe 1 In Cale 3

$'e0
local max
f's0
neither max
For mido

$'-0
local i

Tﬂkeﬂwﬂ% F/’M@Mﬁ pouds where fx=0 anol {,-0 (i other words, V1°=5> will, Mm%
possible  Cancliolatzs o local max | min o fley).

In Cale 1. In Cale 3
fizo
{ocal max
neither max
oy wih
ot i 5 fx:70 , £y 70
local mins

Tajémwag‘ I¥ Tj/le decond, derivative exists, it can help detect max/m POIES.



The Wlo?ue of the sm%-mrrabéc £ from Cale 1 is 4  2x2 matrix of partial. derivatives
Called. the Hessianw (name not {}mpafﬁﬂﬂf) .

H&ssm% g’[(xlﬁ’ Fre fy Determinant of Hessian, = | fox Fs
'Fyx ‘Fyy ‘Fyx ‘Fyy

Second dervative test Suppose the second partiol derivatives o j’(mg) are. conimmous g disk with, Ceviler (ab)
and Jilah)=0, fyab)=0 Let D -Diab)= filawfyan) - Lf,n]

(a) £ D0 and dutawr>o , then G is a leal minimun

(b)Y I D>0 and f,x(a.b)/\o , t/wma(a.w is a local moaximumw

() If D<o )u@n,5m¢) LS & saddle. point

() |F D=0, then Wus test gies mr Conclusim . TWﬁ*g% creative 1

ext) Classify. all criical, grints of Joy)= 10> +y” - dxy

Step 1 i Find critiecal points bgL 40@1'/1(71 %‘0 ,(7’3@;0

U«@;&xz-ﬁy Bu=3y=0 yi =y
(j?= 3y*-3x 3y%3x =0 yiy.=0

; yly-220

{ X = Y yz 0 y=1 (P)’Dﬁp’ campl&t& each ordered. pair mwn«edmidy)
YZ = X X0 o=t e—(jwckmg_ both ag,uaﬁms Shows (1.1) doesn't work
Criticok. pom#s t.|(0,0) . (1))
Step 2. Compute. D

%X?‘S éx D; G/{)‘%&/yy ’[(’][xy]
fas = ¥
a(xy=‘5 D=64’x‘/’7

\Step 3 Amﬁﬁz& each critical pomt
Dlooy=-2., s 4 has a saddle print.axt (0,0)
D)= 2F and Ax(1,)=6 , S0 W has o local min ot /l,/)\




ex 2) CLM/F& Wl critical oot of Aoy = x5+y3’5)<y éauk W%LM? the. coour plot




ex3) [sectim 117 b 15]  Find, local extrema and. sadole punts o f/x,y)=(x‘+y=)eyw

Step 1t Fnd critical points

4 zXe’i"‘:a— (x+y® e (21 2xe™ (1-x-y=) =0
=2xe”™ (1-5-y*) 2ye™ (1 +x7+y?) =0
é.(,} g 2yeﬁ:k (Xz+yz)e“(2y> )
2y (| +x7+y?) < 1F wo, then 2ye' (1+y7)-0 which, @ only U aber. o
Critical pont (0,0) ]
© " b never zer
©If /—76332?', then, 2yl ¢lug, an B el Wﬁﬁw
brget 2ye (15020 which is only e, when Y=o
This means x=zx1
Critical points (1.0) , (1,0)

Step 2+ Compite D and analyze. crifical. ponts

Xx’ le"l*—x"(l-x,_’y’) + 2)( [eyixz(‘z)()é"xz_y,,>_r Cy‘xx(,zx>]
= ZCVEX"(" Xz“yb> _ L{Xze z')‘z( - xzﬂyz) _ zfxze‘/"l"
- ZC,YE‘L [(P x"—‘/"> - 22(1- x* )’z‘> - ZX[_)

d w o Zeff{ ey + 2y [ () UneyD + "™ (2y) ]
=2¢"" [(| xRy 2y‘(l+x’+y‘> ¥ 2)/@

%xy = 2% €Y2x1(227> (x> )’7‘> ¥ 2X eV ( 'Z)'>
=dyye’™” (-x=y*)

ulo,0)= 2 [ 1-2 Jolo= 2e [o-o-2)= e | 4 f00) -7.¢'[2): e

g&‘lﬂ (Coo;?: oZ[lj h gz e L2l 2 e | dla) ae' 2 ] s e
3 ’

é{ has.a saddle ot at (10) &{ has o saddle_ ot at. (1)

Do) = 2:2-0%=4

% has a local mn »j 0 at-(06)




dea(% , October 6

Kemindters.

~ erpﬁmg progect due before midvuglit fomlg%
= Uplad . .POF of reflections + pledge a5 Check-in 11
- E//VWWL -NB dlk ﬁ’ Chcrrﬂ.ﬂj@co/orado.edu

- Ask HW7F Guestins on Onelote, ,% deswed.
= Fimish W&bﬁ’ssfgm /1.7

Extreme Value Theorem
I is comtimuous on . Closed, boundied set D i R*, then 7 o5 quaraniteed
& Have an ahsolutz max and ahsolute miw o D

In Cale 1
max max max
Y ¥ Y /*\ 4 { y no ma
* b ” & b * o b ¥ & ¢y ¥
Condtnuans on. [aib) Continuams on (a:1b] contimuous on (s.b) Contitinous on [ac) v Le.b]
In Calc
3D view Domain 3D view | Domain
- ' ¥
= }\_ - _momaxX

I
z 2 z z i—
Z-x g y
7 7
S E s contimaus ¢ : existence. absolude s oot 5 existence. absolute
V' domain, ib, bowded | =7 exlrema mot ?Mmdw( V' domain 4> boundded ¢ = extrema. A guarnnieed oV
X domains it closed. ¢ V domain i closed. ¢

/ﬁmccﬂlwa %ﬂr %/‘ no ahsolute extrema

1) Find vake @Z Oj ot all crifical, poins of f Am donain ( wate: do not use DFufyy- [ >

2) Find. extreme values of  ow Bounddary of domasro (e This et i o Cale 3 masefmin groblem.)
3) Compare. Values frow Seps Loand 2 A find the é%&sf/&mﬂe&t



exd) [oection 117 problem 29]  Fiyd the absolule extrema

% /ley)= x‘+3"+ x‘g,+‘f m the
set D= {(x,y)/ Ix(«l IyI£I3

Step 1. Find. critical 40@:423174 % jn D

IF %20 y=0 crit pt (0,0)
dx‘lx + ZX‘?' {ZX(’%O =0 " If l*%’o, 3’“[/ ol 244°=0, 50 x=Z
12 X 294 X720 But (-6, is yat in D no crit pts
- If 231»%20/ xép‘——f , 50 plug indt
equatiow 1 1 96t 22 (1-5) =0 ,
which 34785 x=0, Xtz . w crit p(ﬁS

These are redundont

Sﬁ&p 2 Find, extrema on Zaowmrd»z é]g using Gale 1 skils.

pﬂdw’&”# D Bouwlargtoal D
N
/1 Lex 2l F,('t)’<1/t> , . o -leteld
/ Ly Lyl ,?z(,gpé—i,ti) Slete)
/ gay=t.t )., -letel
ﬁ(f3’<t,‘l>) Sletel

FM//L? exlrema o bomwlardn

Flrw)= M€+t et | JEwW) =1t rted | FEW)> 70«00 ] L2 ) =45 -4" +4
"'t 5 R AR®) = 24 = 28745 - 5
SHEW) = 2¢ 41 0 =2t +] AN P e
0= 2t+1 t=": t=0 /'”‘CW%WC"/"LPﬁ
t=-32 crit qot (r,-%) crit pt (0,1\) (£,-) for ald -lete]
it pt (1,-5) endpoints (10),(0-D|| | end poisds redundant
endpoints (1,1, (1,1)
Step 3 Compare values p&f % at critical pomts
Picture of all criial prints
" Floo) = 4 fl1,-5) 7475 flea)- s
7 : £(1,-3) = 178 Flo,1) = S
/ Ly, Fli,)=.°% fr,) = 1
) //n ‘F(“l) = ‘:}— ‘F(’l)'[> = 5
Absolute. mox value F oat 0D and (1)

Absolute mm vadue o 4 at (0,0)




exs) Coariant ?[ a zfuesﬁdw m N&b/l&sfgm 1)

Find, absolutz extram% #Zx,y)"Zx%y" o b’{(x-y)l 1yt }

7 ox” g bx’=0 CIf xe0 420
d{é}; 4 9’ ‘!35= 0 crit pt. (0,0)

Picture of. D Boundary o D Cridical. poits of bowleny

F(216)) = 2cos®t + st

/ \ Plt): Lcost,smt 7 E5(0)= beactlonty + H st (st
7 g 04t 42T O = 2smtomst C5Ca5‘t+2.s‘rrft§
v /

Sin t=0 C05t=0

- Bepst + 2sm*t=0

Y

t=0,7 t-

NS

),z Beost+2 (1= cos™£) =0
c.p- (1) (10 ‘C-P‘ (0 (vrl)‘ 2006 t+Dost -2 =0
(zeost - 1 cost+ 2) =0
Cost=. 2 tost =-2
t= %’%L Mo s0ln
cp (5,2)
Commre valites »j % ot critical prints (5:-2)
(tg) (0,0 (10) _10) (o) (o,-1) (5. £) [5,-2
é(%g,) 0 2 1 -2 1 8125 8125
T g
max ;

124

% %ﬂs A _max Value o). 2 at (1)
'a’l %ﬁé a W\/Mﬁo?—l at- (o))




exs) [sectino 17 pob 473 A coardboard, box without a lid &t Bave a volume %
32,000 cn® Find the domensions that mnimize the amount o cardboard. used.

Volume = Xg% Cordoard used= Xy + 2x% + 2YZ
B 32,000= % 4 £ =Xy & 2% (x+y)
—Lo_‘ _ 32000 (
— 2y xy + 2 (%))
o 2% 4 [b,00D 0434)6,000

32,000

Goal’ Fnd. man /fj Jov)= 2y x 2rng) ( K)o O ek LoD, 02y < 1600D.

+ Zny )* ZC’“‘O DDD>
foy 80 g

2’ XW* é"nooona_ - 64,000 (Hy) =0

x33 + 44,000 X - 64,000 C?C*Q) =0

Xf' - b4,000 X =D
;&9_ - 64,000 3, =0

{ X [%5%?,00@ =0 1 a0 40 erit.pt (0.0
4 ( x- 640 =0 - 1f 93—L4ooo=o , Yo, 20 Critpt (40, D)
Piiture. ﬂaﬁ D Bomwlafdw% b
t Fiy=Lo %7 04t 16,000
16,000 P
. // Pa-{t o7 04t 4 16,000
/// » 7, (4)= <“"°w, £V 04t 16,000
16,000 F"({)= < t )10,000\7 0<t4 16,000

Find. critical prints on -bo

F(7 @) smdefined F(7) = doome - s,000 (s HR)> samp as f )
F(Pt) - umdefined = Jboo0k - 4 (22 4 1)
ﬁﬂ%(a} = Jo,000 - 4 —u:,eozoo\>
D =-lb,000 4 o
&M/MMZIS’ (0:0) 5 (o, 16 ooo), /22, jol%ﬂm

(16.000,0) , (160w, [6000)

|b 00D, /é,ooo>

Cmpar@ @Wcﬁm Vodles (?@gD ) (0,0), (40, 40) . (o, 1oy (woww,0) (
(M,Se LLW/DZS when £ f( %¢?> ‘ hgi-l' qurs 4800 h’;i‘f'zﬁ }{;H gors
15 uwole a’%’neofﬁ

Let x=4Dem, %= em , 2220 em tor mumimize Coudboardd.

2.56 x10®



W@WS&M{% October +

Re minders
= Compile HW 7 Jor Andlré

18 Lagronge M ultipliers

Lets consider example § a’mm/ /yeéﬁrdaﬁ fmmza, new. perspective
exs) Find, absolute exi‘remg[ jlx:y)‘2x3+y“’ m D {(X:y), Kyl }

There were 3 qusts b this problem
1) Find eritical ponls  insigle D ba Joéw'n? vf-0

d = —_
2) Find criteeal priidts ow boundary by 7mrm7‘/7’£zm? bom‘dwg,/pluggp'nﬁ_ it {/ il AW at £(rw) =0
3) meﬂrem%o/wmw Vodues ot all critical pownts

WC myeéﬁﬁal‘e Slep 2 9mp/cicallg,.
Can we w‘sméé%%mdﬁfw max and. mon ¢f O/ W the bouﬂdm;(?

Nolice that the. critical ponts occur where the bomﬂéﬂ% curve
AL W&M to a level curve 4w the contour plet.

Method of L&Lgmmﬁbd multopliers
Goad: Find, max/min values o 4(9@3,%3 qiven Some. Consliaini 5(x,g,25’/<

Step 1 Solve o Y2 ande N using. vE (x.y, 2);)\Vg(x/y,f> and 5(x,y,z)—«/<
Step 2+ Compare the valwes of + at. poits fouwnd n step 1




ex 1) Find the extrema ﬂ% é/(x.y)=9<z+g, Subgect Ur the constraint 9(‘%11

Fixy) = xZ+ry
ﬁ(x,y>=)<‘+yz ( mare than e yalid, choice %otfg)
Constraint.: 3(x,3)=!

V£ -<ax,17
Vﬁ = {2x ,2y]
vF =AVY

L2, 1) = N ax ., 2y )
(ax, 7= 2%, 2y>\>

\S‘OLV@ thl‘i /J%ﬁ’le/ 2X. = 2xA L— k}mxmmgf Do wit cancel the 227

1= 2yA
xHy'=
2x-2xA =D £ x-0 | then use thirdl %mmfm % gct yrxl.
2yA =\ Then use ecod equation /3 ﬁ"t A, et pts (0,)) A= %
X*ty?= | o) A="%
“IFlAc0 , then A<t lse second equation, B get
20 (-x)=0 %=*z.’/(hm use third_equatioe ¥ get a2
2y = et (505) et
Xty =] (£%5) At

" 2yl A- 3 Plug. s 15 st equatio o
gd’ K l2y-020  This mlg yives redundart . points

Test ¢ritical poonts

(). | 00y, (00D (55 (535
F(%Cvp | ! -1 Sy 5h

When restrited 5 g Ley):! ,% has o max 7 S ot é%lfz> andl
o mm/?/ 4. at (o,




ex2) Find the @xfrwm.% %/x:y)wﬁéf Subject tr the cmstraint 7<Z+gjil ég
6)(%%%% the contour wlot

.
b
]

MR

 Cwstramt

-0.075

Contours yj £




@X5> [Aecﬁ'm 118 prb 3] Fud the points o the ,durpéacc téL‘=‘]+ LZ that are clasest & the origin.
Goal: Find mm /zal d(x,zi,z) =\ (0 4o (20) given 242 st 6%@ e .constraint 3’;7+xz
/P,,D Tt minimize D=d* xz+3‘+ 2" _nstead, o easter algebm)

D/x,3,2>= xz+3z+ z°

3(76,(7;) = g‘—x?:—‘?
Constraid * §lry2)=0

VD =AY
< 2x.2y,22 >= A <-2,Zj,—%> o as
* Solye %W A in %/r&f and. third, equalines 1 ?ct /zé =7)
Solve 2x =-AZ Z2x =-\Z S0 X'z 2%
2y = 2Ay 27(")\>=O : Ej/m?'léw 2. shows that 40 (s poss&b[e.Th&s 34‘%'5
22 = -AX 22 = -AX L2=-9 am e{/mﬁm 4. Togcther with 125 we
Y x2-9=0 Y- x2-120 get these critiwal  poodts. | (3.03) Az-2
(3,6,3) A=2
(30,3) A=2
(-5.0,3) A\=-2

: EWMWU 2 shows. A= is possible . P/“O”‘ s n

first and thinl. equatin. fo get . x-0 2c0. | (0, 3,0 Al
(0/—5,()} }\.’(

Compare Valuss at critizal prints

D /3;0, 5> = 18
b (3,0/'S> = 18 Thﬁ points (0,£3,0) m the ‘Wrd&w 3:xz+‘7
D ('510/55 .18 are the closest ponks . the. origin. Theg are
D (3 ‘5/'55 - 18 VI =3 units e the orgin.
D (0,3.0) = 9
D [0,50) = 4




5@4@ Octotey, 1
Reminders
- Al Week F WebAssf?molu,e befmwmyu‘ on S

~ HN 8 sectims 118, 21 AL Az

Super helpFul Jor Quiz 4
- Study for Quiz 4 (secttons s & 121)

= Review Cale 2. concept: Ayea, between, curves

Clinks 40 Pinzon)

12.0 Double integrals wer Nectangles

Area. undevr a curve

£ {ﬁ) Plam)

£lasn)

Flaszn)

'F!Afl“\\

F(a+nh)

a ath  azh ..

b

a ath  azh ..

b

Left endpoints. with. n rectmrgles

Area= #6h+ Fah) hs = flaxook) -h

Ly = ’,‘i, h#(axih) Ry = i h(arih)

K@? idea Take the lomit %WW#L%’/WS goes o zero

Volume snder a suwrface

K@M endpoiatis with n. rectangles
Area= Flh + -F(afzh\)h e 'F(ownh)h

@

£

30

)
¥
\

Mtdpawts with n rectun?[&s
Area= FN + £(x2Yh ++F () h
My = Z; H(><?>

b
If@ gﬂt /; -r(x) -:b(

In the's aﬁmp\//n?, the fmg//uf (7% each box (s giten ég the jmﬁa‘w's value
at the corner clysest ty the obigui. Like 4m the case or area, using &
dfferent pont. (4> v the domacns will

give a /Z%farem‘

Volume estimate
Volume = L2 FOC0) QA where DA i the area of The
base ﬂJ each box, e the purt on
£ the  y-plane
Kf% tdea True Volumﬁ ander Z=f(x»y) - m%ﬁnw ;Z% ‘F/Xf,yﬁ AA

Definition © The. olowble ,mte;rﬂ aj 7 over the regiov R s

/J f(my) dA = Zﬂ’:)i

It g3t

Jrm
m,n—>o°

90 N A




ex1)  Evaluate ’flfm—‘ dA alor R=[-1,1] x [22] 53 Mu‘emmﬁhg l;tgwmm%,

2= [ -
[[oan =
R.
Avarz_zge value
average Valie of numdbers
This height
is the ﬂ'h
aw:mac
( 2+ 4 ¥ > ) / 3 =3
average value zrd'[ ¥ f[x) m [ab])
‘a' Xtﬂ
/ntlé htl
s the, average
mlat'
o b ' x o Eﬂ b]
avernge Value ”3’ 2ol om regio R.
= /[ %
‘ e
| /’ <

SIS dk b5 the miume of Jalf a
“ Cg/AW{eVpd radius 1 ,/Jw’ghf‘l‘

JZ" Tvr*h
- ‘ZL (]T('>ZZ'+> | wnte 2 darmg
2T Class but 4t Should.
be 4
aerpge = Kyt Kyt ok
n
average = f/ﬁ@ix/
b-o
\ This /Laghf s puerage =
the average

Vadue [ﬁd y JJ fle dA

m R Arén o R




CXQ Evaluate each MgmL wer The regton R=To,1] x [0,2] /73 MLfﬂrpr&W At geomm'mﬂ?

() éfSofA 10
& j——%

() 4/’5 dA

Iwnte 3 o
class but 4
Should. be 6

() £f55c1A

(4) [gf sm(mx) J A

2 8 Area o} me ump " oa/[
Zosin (T2) Sin cwve = fo Iém’fTX de =
s P
il
X /’)T
o g da
R
*
) Z.*"%L

s




12,22 lternted. mz?més

How do You Compute ﬁ dov) dA  without Wr/pr% Y4 ?comgtnm(7.7

E)(a,m/o[c 20W) i 2.1 gles us a hit

204) éf sinl7) d A

Z
Z-5m(TX)
V0.
| 7

. I

Area of me Yiimp " 00'(

' —
Sin curre = jo smAKdx = a1

Yl

2

In this example, we computid. the area

7 me Slee bg, daoin folsm/m)dx, and. then

‘dmgﬁ/nﬁ" the Slice . almg the Y-axis by 2. units tr fill. the desired volume. In other words,

// sime) dg = /oz / fol 5in(1rx)ax> dg
[

ey L L5y dyds = [ ([T d)dx
- [P ay T
- [? 34 dx
= [4%]

-7

*23

x=0

ex2) f,zfus

Ky dxdy = 7 ey |

U

Fubini's Theorem

|£ d’(x,y) L8 Comlimuous o the rccmnzlc [o.b] x[c.d]  then

\lb/cd &[()cy) J:jd)( = fodfabd(x,y) dx o/),




%%%ZL Octobesr, 12

Kemunders
- 5% gﬂr Quiz#  (practize problems posted. in Kesourzes)

- W&b/ﬁ'ss%m 12.2.
- HW 8, decliow 1.2 and. cproblem A2

12.2. lrated indegrals (cont)

Do warmwp Zoom pl

ex3) Evaluste Jf ysn(xy) dA  urhere R [127x[07].

Is ff&sméx&) (JJQ!)( o ff&sm(x&) JJOI)( wsier & C(Jmpuf&7
/}\
lovks Like ngzmu loks simple
by purts, eek !
nitgrading dyox Iniegraiing. ddy
[foﬂ%sm(xgﬁ dy dx [‘[}Lsm(xgo dx Jj

U= 1?, Clv:ﬁry\()(g)J\/ L};W [’Coél%?)]::lz J?’
du= J? V= EQQCL

o [ LT -welzg) v eosly) d
f { :jco [xa) = &C05(Xg>012,><i% & 3 ?_

=0 O

ﬂﬁ-%mw@+x{ﬁﬂwﬂﬁf )9
flz (d%r( Cos (TR + —?chsm(’"@> OI?C

[—ﬁ 617\(23) + Sin /3) J;r

o]

- % dvs Teosr dot
du= #{z dt y= snTE

[:’I‘Sfﬂ%]i [7 Lsmmade+ [Fh snmxd
% M ) el % di f‘¢25m X di

-5 sm(2T) + smT = OZ

Keg ldea: pick easy ordler yj anieqradion whenever ossrble.



ex ‘O [ dection 122 prob 22, closc% related ty HW prob # 24]

\SkCZZ/I/ fh& dolud. Wlews& Volume A4 gwen/ b&f the ilerated ,mtegm[ faj; ‘f—%—z; A?(c]%,

Th& %m&ﬁow 222y Ay a plane.
The domain of amlegraliow ab a Square, 45 /p/ug n the orners of the. spuare ty. fielp. sketeh.

(0,0) 2=4
(o)) Z=2
(p)  2=3
() = |

&X‘l) Find the volume aj the soliol enclosed by the surface z——xsec’rdzt\ and. e //ﬂ/ﬂl’bej
2-0, %20, %2, Y0, and 4 74

D omasi, ”C/f ngfww y v

A‘

> %L

2z

| know xsea’é} 20 on, s . domains | even %agﬁ | dowt  brow what. the geaph looks  Like .
zpTH 2 R7
fofo 7(56013 clg dx :l X [ﬁanuﬂt];bq dx
<7 dx

¢@

Concept -




12.3 Double Mﬂ‘egmls over general reglons

I the doman ?/ Mgmifm A more. Complicaled. than a rdcéang/e, Then, we may need funclions tr serve as the bounds ﬂ(f
the ngé mstead ﬂq-f /tasurﬂ numbers mlg

ex 1) Find the wlme of the soid under the plane x+2g-220 and. abwe 20, bounded bg Y% ond g=?°4-

The. soliod

Functions Values at Corners.: (0,0) 20
() #=3

Volume - [f;"”ﬁ dy dx
- Ty eyl dz

- (e x7)- (51 7% d 7 (cmk/umwze
ardw:thra

. thmsh»utdmlg

- fo 204% % - 9(} o'?é /Jt z's L&Ft)
1

R,

2 _ 2 _ZzZ
TR

9
- //8 (Check: Since we are comp

defrnite /m,re(jmé your final answer
must be-a humber)

Note:  The other oder o&( Wegmﬁm
Wil also work

[éa 7<+2Ad/1 J%d?, = ?%5




(’,XZ> Evalyaite f! 1 JA {wz the rgg,f,m/ D- {(x'y>; x2+yz£;f}

Domai of - dndegration The /mfegmé
T TV 4 typical “Slice” of the vda - [ Wi o
/L;[\/’—” dvm?m Yuas s x-’{oomkmié ‘{f d /; :/my—; dx ‘J)’

[ L, . that Stats at Ty aud

.
\\ 7 / ends at g, , L [ X ]:J; A% )
\ The slices themsslves fave

Y-tordindles g <2 62 - [l Vi (\/7\) dy (3)
- [ ZW ly (4
- "t

Pnder this Wkg/w the answer Iy example 2. equal B the area. of the. circle?
top

Notice that  in eW% (), ﬁﬁtr 701«%013 A oud bounds P %, we Hrave fbmm (right o3~ (et g) dy
Thes is exacd# Yo we. Compuled. areas belween. Curves m Stigle -variable cale !

Th@ Mfegml D//La//l %ﬂ} T gaomeﬁq‘c mwmyg

: {f LdA = area g{ the reg,/‘awb : jbfi A4 = Volume 12[ “Cy/w(c’r" ik base D
and - height - 1.

lg/ A~ z
" height 1

4
=

This prinegple “also felf an S%&;-unle cale

b
fa Lde = b-o = Zm?t/t, 7 wlerval [0.] = area under y-1 Fom xea bo x-b
[ e [ ] e
a b Q b

TW‘L‘ %br Sleepless nighits - What A the domaie of wlgrotion is @ 3-dimensional Solid 7

(Camm? oo Aw 12.F)



6X5> Evaluate the dowble ,p'nfggra(_ {f srn{y*) dA for the tf’r'an?«ular reglrn D with vertices (0,6, (0,2) , amdl . (1,2).
Whrite tao MLZ"ﬁmls, me.. for each orderg m@g:,rmm, andd.. evabuate by r,ﬂ/'ckmg the. more. Comvenvent order:

Domawns % Wﬁmﬁéw
3, e
/ yo>

£ mﬁm‘m? He ,mZ’egmé

f:f:jsm /(7‘> c)a( d& =

=

/ntégm?fzhg Jy dx
3, .
!

A=0 -

&,?:zx or x%y_

X
A ﬁé,prcal slice fias a Y-coordinate.
fnrm/ 2x s 2

The  x-coords the 4irst slice
s 0. and ﬂwm t[%glm ésmaf x|

L["/Z:Sf;f\{éj") ch dx

. [Xsm/;f)]::j 0‘51
f: ‘2"95(14(3‘) dél

n- gL , o/u=23_d51_

L}
- fo 'Llfsm(@ du

=

)

_th [Cos M]:;‘+

-‘\A} (COs‘f- :l.>

/ngﬁhg o[x d )/

3,/1_
‘/g,;z,
’x=0/—7 '_\_,gﬁl)( or %’é?,

7 X
A ‘u‘ﬂprcaf slize flas an y-coordinate.
/mm/ 0 Wr Jz‘}

The Y -cords the Jrst slice
s 0 gwcw(forﬂwymﬁf slee é;’ﬁmﬁ 7,:2

[Z/:jsrm /(7") o!yc o’g_

[This ome is casier b Compute
Do you see ruhy 7]



7%4 Detaber, 13

Reminders

= [important V] Do Quiz 4 tinighit , 1~ 10.pm.
= Set a timer
- ﬂodén&* Check

[2.3 Double Mé]ﬂdj over g,cmzmé regims {cont)

ex ‘i) SA&F}L the /Ze?/ow g’ ngtmu anad. chwzga the Wdera&/ mgrm
f.szw %/Xfy) O(yO’X

Dinw 21, %-2, y=0, g/’/n 4 Curvent order /}5/ Wmmw Desived order7 mjmwo

X2 x:l K2

3:/;\7( l bt:lh')( l ’

4=0 A =0

L7 g dydk LT 26ey) dedy

A ﬁﬁ)/'&f slice tas 9-coan>(
.SfAMLMg, at 0 g,umg, tr hx

T)If slices stat with % -coord
1 and end with %-coord 2



W%ﬂ@da&% Octoter, 14

Remunders

= Compile HW 8 for André

= Submit Quiz. 4 by 10 pm lnat: minight!)
B W&b/lsslgn/ 2.3, HWT cectionw 12.3

Groups will be c/mnéfh&q

@ Manray
® Seal
Marlin the Turtle
@ Elephant
@ Coronavirus
@ Squinty the Snowman
@ Penguin
@ Ralphie

Marlin seemns very chill. | think he'd be a good hang
They are all great!

The penguin was also awesome, and oh! the Corona virus made me laugh, but Marlin the Turtle wins for
intricacy + making me laugh

They were all so good it's impossible to actually choose my favorite!

muh-muh muh-muh, muh-muh-muh, muh-muh

these are really good
Seconding Rachel's comment. | was super impressed

These are fantastic - let us know who wins!

Cherry
it's tied so far §@

We all know who is going to win.

Cherry

Q9 we do?
Merlin2020




124 Dowble /mi‘egmés in polar  coordinates

For 4 double W/d /D/j dA | the “dA" represenls an
anfinilesimal. bit. ¢f area In  Corlestan cordinales,

@ Ty Amcrease s A by A% ond a ﬁ'mdmreasa
an Y bﬁ Ay gies a ﬁ;% pateh of area AA equal

r Ax 'Aﬁ' So it i sensible tat o//lso/gd;( or O/xo/g

But 4@[4/’ Coorpunaies | a ?f(fng mcrease am U ol

o O doesn't form a rmWe I So 4 pou want l5. use qolar
Coordumates , dA # drdB. The covect amlerpretadion p&/ dA
polar is |dA= rdrd@

How do we write bounds Jor an A)n]fégmé W0 polar  cordinales 7

ex 1) Cﬂ%W}VC {f 'F("Y> dA & 400[%1/ Coordinalgs %o;/ the domain b
D is the disk of radius 3 in the upper faly plane.

pical shee for

\ a%rxed 9

w

I

o o

é{/i"a)sf?, stn9> rafrcjg

Arta = [7T(r+Ar)L- 7Tr’]

* rarab

46

27



ex2) Convert {f fby) dA 15 polar  coordinales &,’or the domain D.
D i the reqim. Amside. r=3+25m0. and oulside 2., deputed. below.

/r=3*25m9 Find, sntersection 7 Curves
-3 =5inb
o= T

Wite integral

’%T 3+25m0
/f %(1/6059/ rsme) rdrd?®
2.

(Y

ex3) Comvert f,, f,, Iy dgc"x tr polar ang evaluate
Damwfnzoj M@gl’ﬂﬁm / g:mz or F=20038
x=or k—‘tgpical sliee jbr
x=2 some fixed @
3750 | ? 4=0
R o
y a’zx =0

8 > anlerpretation

'%_ 2c658
g*%-23+"" ] / l/ : }/ J//O) NV ERS
?q e A ) . T z)j dA" 4n polar

[ gy S

civele at (10), r=1 C)]
Conrevt 3‘*( xN=l b polar A ‘L«%péeal slice &/ar %/'xwl & s, r-cordinate
rism®® + r’cos’0 - 2rcos® =0 JZ‘ZZ,//ZZ//L? at O Z/ow?/ ot W 2 cso
l’z- 2rcos0 =0
7}\”(1’—2 c0s8) =0 2 The %/r:ft slice. ip given 1;3 8-0 and the last b& 0-%
ro is a single o, and cwrléz
fqr& fztoae * 4 de _f’"'/» | ] 28
mt the cirole we want o .Y T b [3" ]o Je

7
=§fo " 050 g

.
= % : ‘ cose(l-sm’Qj 40

1
%fo l’MthU\ = ’/é‘




exy) Find, the volume.  under the cone zmj and. above the disk x‘+y‘f‘i

Skelth >
2T
d/voéume
\
¢
,(7(1+gvz£‘)l
x

In recZZLWk : {f Vatgs -0 dA

//’1,40()[4//: fDL" ro- rdrd®

Evaluate f:ﬂfoz r*drd® (0
_ fom [ér,]‘sz 18 N

2T 8
’jo 3 do (3)

l6T

e

D omaiin oj meﬁﬂw

d - Pl'ca[ slice

A
Y,

27
Compmm[ i’r/'ck: /\/oﬁée ;Zwu) j; .'LJS=2JT_7 /Vl eWww (D/
obderve That the iuner aniegral. Bordr will mt condain 0 at all. We
Con use this fact 435 a Shortent

[CL7rdeds = om [T de




6x5> Evaluate Lf (x+2t) dA  where R is the reguw U the left of the s betueer 7°+4*=1 and 2ty = 4
Domain of integrain The amlegral
e % 2
ff(rcwﬁ+ rsin 9) r drd#

\\\" X j::ﬂ/z fI»’- P (C059+5M9> J//(JB

372 2
1 3 ;
2 (C059+5M0
f% [5 ¢ >J, do

|
el

F ELIPH )
gf 058 + 5inb dB
'0'/2/

LIPS

% L sin 9—6039];

%[-l-m]’— %

20




67404% Octates, 6

Reminders

AUl Week 8 Wab//ssigw due Sun. bebe mzdm%m‘
T Whittenw HW. 9 , sections 124 gud. 41,42

~ Review equations of surfaces

General advice ‘7[0}/ double Wug/%b
= Draw the domains "f magrmw
= Draw the 3D view, A applicable
= The inner bouwnds describe a T%ntmé slee
The ouler bounds descrive where the slices Slop and. start



12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

Name:

1. Sketch the region of integration for / / ysinz dy dx.
o Jo

Y=

1 1

3. Evaluate the following integral by reversing the order of integration: / / V24 2% dz dy
0 Jvy

Y

,x;l . { XZ
' \jf Wolét dx
5«' () o
| y %"
/. [%JZ/W;J ) dx
i N S22
y % fo' 7(2\/2*7@ A?C W2+x5,alu 3x*dx




12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

4. Set up, but do not evaluate, an iterated integral for the volume below the graph of f(z,y) = 25 — 2% — 32
and above the plane z = 16.

1% At 2=, the paraboloid’s T
. volusm . Zle, € paraoplor S lrace
W T e oo ff 267 x* 9" dA
vty “z=1b 2 2
[b= 25 - x ¥ civcle o
2 . Adius 3
. 4= x5+
- 2s-x* s
- T T T T o radivs =3 fsfﬁ zs—x‘—at’“&gdx
- s oy

¥ Do mam pju /'nffamﬁm
[Polar is })&ffcrg

/ 2 3 R | aeaT
x & rreoe [

5. Find the volume under the graph of 2z 4+ y + z = 4 in the first octant.

24y bonn o i [ y
" J" 4-24-y dydx or .
) ¢ fojo y oy j;fo'?-Zx-y cfxa/y
{,3’;1-21 B
Ho2x- e b
s . /3
(0,4,0) e

X

6. Evaluate the integral / / xy dA, where D is the disk with center (0,0) and radius 3, by changing to polar
D
coordinates.

21

3
J <k6059)(;’51‘n9> rdrd?

0 "0

f:ﬂfos r2cosl smf drd8

7. Use polar coordinates to find the volume of the solid below the paraboloid z? + y? + z = 16 and above the
xy-plane.

fomrqu (lé—;/z)l’ drd @

12871




12.3 and 12.4 Practice - Double Integrals Math 2400 Calculus 3

3 V9—z2
8. Evaluate the integral / / sin(z? + y?) dy dx by converting to polar coordinates.
-3Jo
/ : mlegratuww S
>0W ﬁ J f f smir?) - r drd® Usr"
e [ 0

I du‘-zr&i"
=Ja-x*
KI'J/ L™ X
v/

-3 \ 5‘ (g4 Znfb'n" [—Cosl,{]::q JQ
=0

7 (1- os(n)

a 0
9. Evaluate the integral / / x2y dx dy by converting to polar coordinates.
0 J—y/a%2—y?

T e
j Lo .f% fa Peos?0 - rsmé - drd 8
f; f: r'eos*0 smb dr d9 5
_; . rra A uj ]
Y=o ‘L’/z cos' 0 sind [?l’ ]roo de v U
-ﬁ
L— %20 a/g j 005°0 sm® d@ uscos 8
5V, du= -3 846
o s p
- % f Mz CJM = ﬂ‘{
o 15
1 py/2-9y2
10. Evaluate the integral / / (z +y) dx dy by converting to polar coordinates.
0 Jy
~ i TH (z
x= W r j (K{,‘oj@ +rsmp) rdr-d®
(o}

xX= Zf;f 4ot 0

T - — ,/-I '"/'1 ﬁ
L > f f r> (coso+smo) drd?
\t\l\N\“\ y0 o 0

- Tz =z
Jr fo"‘M (c059+51’n9>[§ ”b] . de
(g ,,\/3,7, r=

2’3@[01‘7‘{ cosB+ smB J0 = Z/g&

2 \V2x—1x2
11. (Challenge) Evaluate the integral / / v 1?2 + y? dy dx by converting to polar coordinates.
0o Jo




Check-in 12

Reverse the Drﬂk’r‘ﬂd/{ Mgmﬁo’w 7 f(,ff Fluy) dy dx



W Outgber 1

Keminaders

= WebAssign 12:5

- HW 9, sectiine 2.5

- \Smgt abr Check-in, 14 [ use. Oct 16 wark&/wet‘)

12.5 Applecatioys %f dowble Mgﬁ s
The double /m[ﬂgmé /£ £ dA s many. Mr/pm.%dadn we Wikl Summarize. Stme imporctunt  ones.
1> fDHaA is the volume umder the surface Z-TGy) over the reg/awD /&/9 1) jﬂ;\ :
2)If f(%g)%,ﬁ;m {flJﬁ‘MmojD 7

fig L

3) IF Floy)- densm& of smwmmg at o punt (44), | k= pew idea
then. ffb FdA=tiat Mwwwﬁ'oé/ thatt W

ex) If /O(x,y) A e o puladin density, at pont (1) then the Wlal populatin o a
region D s Il sty da

exz) If by aw the mm@ at pont (1y) | then the Bial W% m a

regio D s Jf ey da

€X5> Let /0(X1Y>=)’z be the mass dmsﬁg,masured Mﬂ/cm‘, of D, a metal disk of rades 1 cm
Centéred. at The onigin.
0) Compute the mass of the disk. Inclide wits

Domein.of aitegrations 055" I[ by a4

4%? = [‘* :(;:Fyzelydx Q_@_ Zﬂf’ff‘srﬁ@-rdrd@
AZﬂA, P50 drdd

2’,‘}0” sin 0 d@

gl fb” 3(1- cos(28)) J8

T/ T grams




9) If PO AL the mass densily at. prit (n.4) on some. thon Jlat object D Catied a. lamina), then

My = moment of the lamina about the x-axis = Il Y- plxy)dA
My = moment of the lamina about e 3"”"5 = f[b ?C'/O(%/w(:iﬁ
m = mass * [f/o(x,g)é/l

(?,g%wormmzzso;mmwgm,mm 7’(’% and g’=%

ex ) A sewacivcular lamina %as, at any prnt lry), m;@ prprlimal B5 the distance Jrome the  Center
of the circle. Find the center of mass. of The lamin.

‘ Typical polar For a gt (r.9) ,. o=k
Slice
. m = //D JDOJA = ff kr - rdrd® = k’ék'/'raj

Mf/fb(';/:d/} = f:f: rsing -kr-rdd@ = 4o
M&’UD ?C‘,Od/} Notice o is symmelie across the youis and. the
lamina. & adso Symmelric. across the yraxis but
X becomes.-x .on the .other side of the Yaxis.
Based o these. ohservations, ffb xpdA = O

Cen&‘érajmass=(%’%) - (O, % ~ (0, 0.‘%8a>

't

ccenter nj
masdS




) Where is the Center o m”&{ s bﬂ/am;m} eug,lczbgf
Can you guess where there weights 4nside the ﬁ%?




2.6 Surface area

First Zdtb review Tao (/acts

Fact 1 For veclor -valued, tiv -parameler Surjaces F(u,V), we kuow the portil derivatives 7, and 7, ore Veclors
tangent B the surface (re they lie amthe Tangent plone) [{mm pates on Sept 22, section 113 ]

Fact 20 laxb| is a scalar that represents. the. area 7#% pamﬁelaﬁ/ww with, sides 7 and, b
[{mm, wiles om Auﬂ 31, sectin 9]

Area is |35




We. can use these %ﬂ&t& v see that a Z’mg patth 7 Surface area on- 4 poramelrized Swrface Tlu,v) 1a
approximaled. by | P x Pl dudy

armpal parnlielo gram
s /F,,,xﬁfdudl/

W? pateh of surface

Surfoce. with araneirsatios )~ (x.g 57

The surtace. aren oa[ o parameliized. surface . 7(u,v) =< luw ;. plur) | Z (> v

with. uv i a /’egx'ﬂub is

/[ |%x7,] dA | tternatine notations ! LdS here dS IRxmli)

ex 1) Find the surface aren o a Sphere. of rodis a.

Step 1 Prramelrize surjace
Plo,0) = {asn®cosh, asinpsmd,. acosd) L .050z2m, 06T

Step. 2: Compute W@/ W pateh !F;x —";{
7o = -asinpsn® | asingesé , o )
= <Mos¢>cw9 , 0SS, -asind)
- <‘&15/‘m1¢> 0059)-01}5,,:?5 sin® | -a*sinpcospsin'd ’a‘g:‘n¢ca§¢ Cos*6 >

- < Wsin'peosd @ Psin® | -a*sindeosp )

<Ll

"
Igx

IE x ?; |- JEsm"qb 05O+ atsin' P sin’® + 2t sm>P c03” P
- JTﬁm"ﬁb + atam™h s
=Jotsin*® (5177 + cos"p)

= a'sm 4)

Step 3 /degmﬁa
/:f/:ofsmqﬁ Jode = %z/ﬂ/owsmé Jbdp = |1Tar

0

1




@% Octaberr 20

Kchters
~Muws%m/ze
= Written, HW aectzon 126 and. /11/ A2

/2.6 :iu%hazaﬁat (cont)

Recop © The formiba for surkuce area of a suface Plui) 15 I vas - I 17wl as

wy mdD

ex z) Let S be the part "f the surbace #=1+3% +29" above the ‘mwgk with verlices (0.0) , (0.1) , and (2.1).
q) Write an Megmé that ?ves#m volume wnder S and above Z=0.

Domacn Aj ngﬁm Volume wnder S
-

/“,zl [41/4'59(-)—232 dgdy(

«:o..; Euy‘é’.%

b) WV&L‘% an Mggraﬁ that %ives the 514,//%& area 0&’ S el evaduate the Mﬁgm(

F/S,t)’<5 .t 1r3542¢%) 0:5¢2 , zs<t«l

F-<1, 0,37
£ <o, 1, 4t/
Fx?, < -3, 4t , 1)
[Fextes Ja e reer 41

- (hane

2009
Surface areaoa(5= /0/15 J ot dtds

JL/W/&(// lo ewaduate, so switch om(ervj Mvi'e(jrmw
ff JPo+l6t* s Jt
ju 2t bt* 4 (M=ID+)L%,7‘>

dus 32+t

ot ue
I j,o u du
3/z, 3/2

2 3,7 2¢ 26 - D
N N e




OpW %arma,la, %ar swrace area. of @ Wa z-{lxy)
Surface area - ffb J %)z*{%y dA

Thﬁj gprmuh w the rcsuéfaa»/ c/waackg Your paramelizalims tr be {2, Y f(x,g)>

[t oy vorks for ZZM of xand 4o ® it il nit be usefal dor surfaces that ol the

“vertical line test , Uke apheres.

ex ) Find the surface area %f the Surface crealed. when the fylmalgr g‘+z‘=l wiersects This is a
the gunder Xy 2=l Webﬁ’aszﬁ/o
Pproblem

56& youtu.be/B-3CtvmSf3k 0’0/’ a

better demo o this Shape.

\Stmie\gj’ Frnd surolawc area. % fwi one. of the four panels WW&M& éﬁ 4 ni. the. end.
5256)0 L 49&/%%@{};428 one 40%%& [Hrnf-' The ?e%ou) ponel o The prsitive 4 side (s The port 7
Sueface g\fT mmside | x°4 2%

Otep 2 Compute [ <7, |

Step3'integeate. J|, 1727l 41



Checteiws 11

Find. the volume ynder the sparaboloid Z=x'ry" wilhow the. ¢ ylinder Xty sl 20

O ptinal g%wﬁancc

7) /dmﬁﬂ, what part of the diogram we are

mlerested. am 00 draw Your own.

b) Draw the progectin of the M/&&f s

the xY-plane. F
x

> Uoe the. projectins 1 astite bounds for o double
ng&. Tou may . use reclangular / I4 e or [T Fddy)
08 polar (11t ririe)

4) Decide what your dnlegrand t Should. be

e) /M/Qgrm- Make sure your fmal. answer is a mumber



Wedrwsmét Dotites, 21

Kemﬂdars
- Ctimpbl& HiW 9 éﬂ’Z André
= [ Thars] jmdg fot Check-sm 15— prociice Wfaa: area

[2.6 Survfaca areo )

Let's explore what it means 1 antegrate the Juctiow L.

’ 5»’@5@&%&3}’@[1 fab 1 du

This ng(/ retwns the value b-a, which
s the lmgb‘/& 00'/ the wnterval [a.b]

[ frov single. - ariable. caleals] Kdu% concept
The Wegmé o the %mfmfu 1
" For a double antegrod - ffb L dA produces the “Size’ oj the domoun,
This wnitegral retums the area of theregm) D
L grom section. 12.5] The “size'.must be Woprngzg
anier preted. as ngth,,ﬂreﬂ,
Volume, etc.

" For a triple antegral - fﬂéi dVv

Th% ngL retwns the area @f ‘(’,h&reg,{m D
[Jrrm, dection. 12.F - the fulie, Mh]

ex *i) Compute the swiace area a/ the part agf Z-3x +3‘51 above The. reginu D,
where D is o blob 00‘{ area 9.

Prrametiize. surtace Flpg)= <p, &, «5p,,q,%/>
Cmpmf‘e /ﬁxﬁ;[ A {1,0,-37
AR
Poxdyl sV 3% (a5 =51
/ﬂﬁgmﬁi over D ffb‘fs;dﬁ=ﬁffbd’4 - 9757

—
areag D




12.% Triple /;mjmzs

For o lamia D, @ the ML%L at (’"5’) s given ég P,
then, DP(X'H)‘M 4 the. mass of the lamina.

more den € Llere

/o(x,3> gires densdg oj lomals . wmass at (xlg)
less dense fere s{ff /’/7"3) JA gires mass oj whole. shce

But mit eiery. object 4t thin anat Jlat ] How do e o the mass of 03D ofject 7
By cutting wp the. soid int thins slices |

slice, Jor -~ slice /br

b
Totad mass (7 lomaty = J; (masspj cacha/rca) dx
-
This is alread;f a
dpuble A}mfegmé

To Compuie a Uiple inteqral over a solid V', slice it like so:

40 b
I b= [0 L0 L0 tag> de dy o
Z IS the varipble,
xmwﬁg,mjixed J

Y is the variable,
X AL fixed, Z 45 gome




ext) Evaluate ff[E 2xdV where E- {(mg,z)lo.‘gszj 04X £ {4y, 052581}

Draw. €, the domairs of nlegratiom Draw . Typical slice of £
\ ¢
Z
/_>=0 //mck) 2y~ p—
r o=
AN typioa s — y
Z=0

UUse @/om slice Ty write taw snner bounds.

2 [Fd 4 2. pltxt
f f f 2% dz&jd% = /°f° 2y oy dx
_\(.{_;z

A R
g foz?é(‘iw@ chc

0 0 0

[ - g
x= 2

- [2 x* - #K’Lb

S 8-

-4




ex 2) Kenrite g’oﬂtn«fwg /mm@m,é as. an eWa[er Alerated antegral. in the Jire other orders.

folfr;folj F()@J,i) dﬂ@dx

Draw dymain (5/ Wg/mﬁmz 63 a’mn/%g regim given b@t Two mﬁrmgmés first
z

=X
oD > N 2;\}7 {front)

) dzdxdg (swap owter two varinbles pj original A;y:z‘egm)
Draw xg,-/pmfecum

i

20" E 'L;yﬁ:w JDI fzf%(x/%@ dz dxdg
- X

(2) dgdzdx (swap inner G wariables od originad M@grﬂ)
Draw 2X- progeclin

: b

[

WE L I-Z

L Flcy,2) dydz dx

/ Z= )‘&'
(imitersection aj $ X, 2 ;_3)

(3) dgdxdz (SWMO owter o varinbles oj (z)>
Draw X2 profection

z fb' ‘[P%)L:}(X'Y, 2> d\ﬁdx‘iz Cgmpufﬁdww nole.: &SWMMﬁ

the amner o or ouler T
/2"‘”
(mnrscmaj $ix, 2.]—#)

w0 —> Variables is easier thaw
n . Shilthing.. . now-adfacesst
Z<0 Variables
(M) drdgdz and (5).drdzdy LB
Draw Yz - progectum, jo JO fo fley, 2) dxdy.dz
z
0o < L B
d jo J f Fley z) dxdedy
% 0
Tz 0




67% Octrber 23

Reminders
" All week 9 WebAssign due SW% before Wﬁt
= Writen. HW 10, ectime 127

- SW% jor Quiz. 5

Kecap : for a Wiple antegral f/f fons) dedy @t | we con write. mumerical bownds dor the outermost
Anlegrel and. progress ipward bg adding  Jurther restr ictins for the inner tntegrals

5)‘3) Let E be the solid bounded éj 547}?—1 and g‘f
a) bmn/ E and a typ/'ca/ slice oj E far a %/'xeat Z.

Zz

‘e Typical stice

e
x U
K«?sxﬁzz
b) Draw E and a %m‘ca/ shee o E for a OJ/xeaL Y-
. Typical slice

Z
7 z
/3,:95 +zZ
< ¢
x

) Evaluate /ffE Jaazs dV

2

This looks well,-suited. tr polar coordinades

g, M e _
fo j f W d;—‘d?‘ﬂ%i X> (os0, Z=rsinb
YR
f“ fﬂjg )
o [U \V reos0+ Psin®d - rdrdf Ag,

2%
LT ray = [



-XZ pl=X
o

ex 4) Kewrite f.,l/,,’ Kf Foy,2) dy dedx am the jive other orders ﬁé/ Mgm%w

(0 dydedz z ) [N
f’,—x fo jo _L Fley.2) aﬁjdxa’z
o ﬁ\
om?omé ngl, 5
(2) dzdy dx y LR e
fb j L Floy.2) e dyd
) Zelv” o
Fug §2 AW . 1=
Ov i nad; dntegral - y
(3) dzdx dy 1 N
fb jo Jo fley,2) dzdedy
Flip g o (=)
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(#) dxdzdy oy Ay Copl TR
Z(l-y,Zy-y‘) fo jo L floy.2) dededy T fo jzy_Jo fley.2) dx dedy
Flip %z Aiw (3) P )’
_ P GO TR %
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Compute. the surface. area of the. porfion LE{ x;é—3’1 z* where xz2.

Domain o

Megm‘ﬁm S4 = // 1dS

[ JTe g e dA
t - [ ] i s da
T a2 d 4

STV A rdrd®

LA

- Z_"[ é.,tq,/‘)'g"é )

E ]

(6pec[al Case rJ/ %—‘4‘/3&))

Qf rcos®, Z=rsin 9)
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Quiz 5 Practice Math 2400 Calculus 3

Name:

1. Determine whether each statement is TRUE or FALSE
1 T T 1
(a) / / Vr+yidydr = / / v+ y?dzdy.
o Jo o Jo
1,1
(b) If D is the unit disk centered at the origin, then // flz,y)dA = / / f(z,y) dy dx.
D —1J-1
2m 1
(c) If D is the unit disk centered at the origin, then // flz,y)dA = / / f(rcosf,rsinf)drdb.
D o Jo
(d) The double integral / / dA is always positive.
D

(e) The triple integral / / / dV is always positive.
E

2. Evaluate the integral.

(a) /01 /Owcos(x2)dyd:£
(b) /Oﬂ/ol/omysinxdzdydw

(c) // Yy dA where D = {(z,y) |0<y<1,¢y* <z <y+2}
D

14 22

@) /// aydV where B = {(2,9,2) | 0<2<3,0<y<z,0<z<z+y}
E

(e) // (2% + 3?)*>/2 dA where D is the region in the first quadrant bounded by the lines y = 0, y = V3z
D
and 22 + 3% =9

() /// yz dV where E lies above the plane z = 0, below the plane z = y and inside the cylinder 2%+ = 4.
E

3. Find the volume of the solid tetrahedron with vertices (0, 0,0), (0,0, 1), (0,2,0), and (2,2, 0).

4. Find the volume of the wedge cut from the cylinder z? + 9y* = a? by the planes z = 0 and z = ma.

2 2—y 2—z—y
5. Sketch the solid whose volume is given by / / / dzdx dy
0o Jo 0

6. Find the surface area.

(a) The part of the plane 3z + 2y + z = 6 that lies in the first octant.
(b) The part of the surface z = xy that lies within the cylinder 2?+y?=1

7. A lamina D lies on the zy-axes bounded by the parabola z = 1 — y? and the coordinate axes in the first
quadrant with density function p(z,y) = y. Find the center of mass of D.

sa= [ Jrezi-2j dA

ERTE SN Y
_ ¥ip) —— 40 H+rz uw
NOW?T( )de < i

‘ﬁLm f‘z W odu Jf




Quiz 5 Practice Math 2400 Calculus 3

8. A lamina occupies a circular disk D whose center lines on the line y = 2 and whose density is given by the
function p(z,y) = 2? + y?. Determine whether the following statements are true, false, or if not enough
information is given.

(a) If the center of D is (x,yo) and the center of mass of the lamina is (Z,7), then T > xo.
(b) If the center of D is (zo,y0) and the center of mass of the lamina is (Z,7), then 7 > yo.

1 1 pl-y
9. Rewrite / / / f(z,y,2)dzdy dx as an iterated integral in W all P.,55,'b/e orders
—1Jz2J0

10. Decide, without calculation, whether the integrals are positive, negative, or zero. Let D be the region inside
the unit circle centered at the origin, let R be the right half of D, and let B be the bottom half of D.

(a) //DdA \
b) //R5di TVY/%" J J f } drdy dz

(
0
C) //D5di ::; ;R‘?/;%L
H 7 )C

-z

o
d) //By?”r?fdA _t\—/ ja/ jéf dz dy.dy
e) //DsinydA
)//D:cdeA

AT
f 10 dy dzdy
° Y

vE R

JJ? dy dx dz

s
@L J\J ?A»/a&%clx




Quiz 5 Practice

Math 2400 Calculus 3

Answers

(1) F, F, F, T, T

(2) (a) (1/2)sin(1) (b) 2/3 (c) (1/4)In2 (d) 81/2 (e) 817 /5 (f) 64/15
(3)2/3

(4) 2ma’ /9

(5) tetrahedron with corners (0,0,0), (2,0,0), (0,2,0), (0,0,2)

(6) (a) 3V1A (b) (2/3)(2/2 - 1)

(7) (1/3,8/15)

(8) C, A

1 11—z VY
o [ [ [ sy aava
(10) (a) pos (b) pos (c) zero (d) neg (e) zero (f) zero




University of Colorado Boulder

Math 2400, Midterm 3

Spring 2017

PRINT YOUR NAME:

PRINT INSTRUCTOR’S NAME:

SECTION #:

Question | Points | Score

1 13
2 16
3 8
4 8
5 15
6 8
7 16
8 16

Total: 100

e No calculators, cell phones, or other electronic devices may be used at any time during the exam.

e Show all of your reasoning and work for full credit, unless indicated otherwise. Use full mathematical
or English sentences.

e You have 90 minutes and the exam is 100 points.

e You do not need to simplify numerical expressions. For example leave fractions like 100/7 or expressions
like In(3)/2 as is.

e For multiple choice questions, circle the correct answer.

e Notation: following the book, we use boldface to denote vectors, e.g., a,b are vectors.



8. (16 points) Let S be the surface of the solid obtained by taking a section of the cylinder
22 + 3% = 1 between the planes 2 = 2 — y and z = 0.

(a) (6 pts.) The upper face of S, the part lying in the plane z = 2 — y, may be
parametrized by r(z,y) = (r,y,2 — y), where (z,y) € {(z,y) : 2> +y* < 1}.

Compute the surface area of that portion of the surface S.

S B e B
[[ o 44

A P A

Aren z}&' ciecle

\ 2 T

1

(b) (6 pts.) The portion of the surface S lying on the cylinder z% 4+ y*> = 1 may be
parametrized by r(6, z) = (cos(#),sin(f), z). Find the bounds for # and z and then

calculate the surface area of that portion of S.

F@ = <~5W\@/605@ ; O \7
7, -
— _ /‘Z’op Vl'WI)
L r@ % 1/2 ] ﬁ/’z/
~ ( 7= Z’SW\Q

(c) (4 pts.) What is the total surface area of S?

S v (b)) + T

Vo side botfor™

Page 8 of 8



6. Consider the triple integral

RPN ¢ PNy
/ / / T dy dz dr
J-1Jo VI

Without sketching the three-dimensional region of integration. use your understanding
of changing the order of integration for double integrals to do the following.

(a) Change the order of integration to dy dr dz.

%
2 7= (4-2x" =

i 2 B ey
2 v =1 j j J # dydid
\{ X
t
ellipse G\‘& (o, LB B ,Jﬁ“mﬂu
A ]
P

L

: %}lrlxz 4-2* j J f % dxely dz
— % ellipse (_o,idﬁ”> (:‘ ,Fn:z?:j o» E re ,@1

2 7 /7,,,.‘-
la‘?’-; L{:JZ,)({-’% \J'{/‘Z?' Q}Y

(¢) Evaluate the triple integral in the easiest order.

N \’@2 Ut’i:L . 2 A2 L B K= (J &
u( \J~ o dedy dZ 4?£ \f ! iﬂ RS

S *
O T A
‘\@—” ’@' 5 fﬁ’i

;J—J

2 )
— O
—

o Jydz
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= [Important] Do Quiz 5 between T and 10 pm. /a Timer is recommended.)

12.8 Triple mﬁgmls A cylindrical and spherical

/Qeéfreé'ﬁer on cglo’ndr/m,é andl  apherical. coordinates

Z (r, 6,%)

N

Cy/l)wl///'ca/ Coordhmaies \Spm Leal  coorplipales

Z

(p.0.9)

%
5; ram@ 7(=/05mq50059
re K=y 3=josmd) sin
Z*/Dcoésb
Sketeh each  solid,

(a) 2 51 ¢3 (b)Y —4zpes () ¢ xs2
040 22T 09t quﬁ
52226 T 2 T/; 442 ¢S

z
z
Z
¢
g
N T4




Thﬁ ) Wma element g / VL rectmgula/ Coordmates s dzd,gotx dy
Tha ng SOM %ormed bg WWI/I'@ X,g,M,di 6} ajmé amounit /ﬁi dz
[s a raafmgwlar block, so the wlume s dz dgd)c L o
|
7 i

TLI/\‘; VOLM/W element &i|/ . Culindrical  Coordinates s rardedz
The ng Solid. /ormed bét moying r.0,md % bg a smakl, omount
Is & polar redingle  Stretzhed. wpuarid by Az

The wlume element AV i dphericod. Coordinates is £ sing dp.de dd
The wy solul formed by moving. p.0,and & by 2 smail. amount
is Shed like um .. | dowt know.

The Triple Wgra& ﬂfg foy2) dll - over solid £ s

. ( w recf,anga.hr) Emf f '(m;fz;‘// z) dz dy dx

* (iw culj wﬂ) ]H flrest, rsing, )  rdrde dz
W E i cylnrical ( Djﬁen r dz drdd is meM)

* (in spher/'m.ﬁ) . j” ’F(Josimfcose, ﬁ.SmeéinQ, /)Cos¢1) ‘/Ozsmtf) df? de a’,cP

I Spherical




o [ 11 S

o [T 1 towsrimssy rdzass

N j z SRR

D S
./$> 'fo Jo _L f{,osrrt}coaf),/)s.rntfsr.ns, Acoéd?) ,o‘..sm¢ .d/od.MB.

21 T,

Ié;> f J j ‘F[/osrntt)caao ‘,osrntfsrne fmﬁb) ﬁ-51"¢ djodcbde

;?): [ﬁj f(x.vﬁ) Azolydx

;6) f: :LZL" :f(ra%s& f:’SI’r\ 9,Z> r L:JZJE’(J 9:




l "“.“S

(lﬂ Cylindrical

@ ( artesian

30.

31

32

On

(C) Sphencal

e eighth sphere

y

T Gone, topped by sphere

of radius 1 centered at origin,

00° at vertex

Gone, flat on top,
m / 2 at VBI‘IGK

50> j j J floyz) “dz dy dx
0

-y
Tz
j j f Flrewsb, rsin®, ) v dzdr do
0 -
L
‘F( sing cos m@sin :
. ) P o, psmpsing, ﬁa59>‘/06fn45 dp do dé
B [e =
j j f fley,z) dz dy dx
BN Ve
JrFre
j f Flresb, rsin®, 2) rdzdrde
Uy
f j f Fl psinperse, psmdpsin®, /)CoSQ) /Oz.smgb dp do d¢

5L> j j f Hx,y,i-'-) dez dy dx

SL N Ty

2t oLk ot

5 Z
’F(rcos@, rsmé, 7—') r dzdrde

0 ) r

j% j Jr““f’
‘F Sind cos Iy / :
O : ) ( psingesse, psindpsing, Jo(:o59> P 5m45 dp do d(P
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28 Triple wdiegrals aw_cylindrical + dpheriial (emt)

K&G&P: //hﬁ Triple Wgrxﬁ /ﬂg foy2) dV  over solid E s

: (m reoﬁangalar> J” f(x,y, 5’-’) dz dy dx

Em recﬁmgahr
. (AM.: . - ﬂé ff ’F(FCOSB, I’.Sl'ng, ;5) r’drc’Q di
CWLC > Em cyl!;drical (Ojffy\ rdz drdd is w,céa,l)

. /M5p}zer/‘cal) . j” -F(/osinchose, psmdsinG, /)cos(;,) ‘/OZ.SM¢ d/D 40 d¢

in Spherical




Ex 1 Let E be the solid inside the cone z = 41/z2 4+ 32 and the sphere 22 4 y? + 22 = 9. If the density
at any point in I is proportional to z, find the mass of E. [Ans: £kz]

z

bttp://factsofun wordpress. con/

In raomg{/t/éﬂf : /o(xlgl,2>= kz

z

. J/r thy kz ~dzdydx

,%ﬁ‘ _J?;X—; 4y Xg-ry"

In cglmalr/méf ﬁ(r,9,2>=/<z

" JM J%fﬁ Kz.rdzdrdo

© 4r

C/umﬁfd Mmddcwﬂ% o
In A/O%@NM/L (7[/; 0,0)- kﬁ@os(j)

msm(ﬁ

L] b b

x 3 projectiow

x 3 projectiow

?i rme

9/

e
o
5’”4) 15



Ex 2 A solid F lies within the cylinder 22 + y? = 4, above the paraboloid z = 4 — 22 — 42, and below the

plane z = 10. If the density of E at any point is proportional to its distance from the axis of the
cylinder.

(a) Find the mass of E. [Ans: %] Proctice %ar Quiz b

(b) Find the volume of the solid E. [Ans: 32r] Prpsfice %pr Quiz &

(¢) Find the area of the bottom surface of E, i.e., the

paraboloid within the cylinder. [Ans: $(17v17 — Ur| /i o Quiz §

(b) \/ﬁ fgﬁ dl [«Jz J/o

r dzdr de
] Yot

(@ /)’km—f,

/// kiwnys 4V
/:‘f: Li;kr - rdzdrd®

i\

m

W



Ex 3 Use cylindrical coordinates to evaluate /// x dV, where F is enclosed by the planes z = 0,
E
z =z +y+ 10, and by the cylinders 22 + 3% = 16, 22 + y? = 36. [Ans: 2607]

Fig for Ex 3

. Wo%eaﬁm

reos@rr3me 1o

Q ﬂf¢ &W;/w f ] reosO - r gz dyolf
. E 0 9 Yo




Ex 4 Evaluate the iterated integral by changing to cylindrical coordinates:

5 pv25—22 p25-—x2—y? 12
/ / / V2 +y?dzdydz [Ans: 50’”]
—5Jo 0 3

Fig for Ex 4

x m?emm

a_ -S¢%e § s
tda v

'.5,,( 0 o o




Ex 5 Evaluate the integral //] In (1 + (272 +y2+ 22)%) dV, where the F is the solid formed by between
E

the two spheres z2 + y? + 22 = 1 and z? 4+ 4% + 2% = 9 in the second to the 4th octants.
[Ans: 7[14In(28) — 13 — In 2]|




ex 6) Find the Vomoddwsm/ﬂ,da/weo%e cut from a sphere of radius g bgﬁvo/p/ﬂmsﬁat
amiersect Mw% o dindler ot at angle o .

f h j . fo a plamy dpdodd

s, 0

S

b
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Keminaters Cim wpbrive gz Stuky watennds

AUl Week. 1D WebASSbgH/ aue SMM% before mefd
" Review: What & the gradiont of o fuctim

12.9 Change of variadles

A Yﬁrmforﬁ/mﬁm T isa &/mm whase. domairs and. range are both. R"
Emmples " Tu)=<Lucosy, usmyy , 02Uzl , 04£Vz2T
This is a tlrans for malipw thatt Fas Anput (av) gud output (x.y).
So this is a irm/ormﬁm foo RS o R®

27T /
:AreonﬁzT E é frres i1

* T s the tran.s focmaiin g,/wm X= psinf cosO J/osm,gbswo@ Z=pcos P
Then T s a,zﬁifmsfarmnmn/({m R® tr R® that tums (p.6,9) intr [xéfz)

: Ti(u,v)*—%(x,?ff) giren ézt X=u=v" Yrzav. o, lerse légﬁs‘

(/12‘\/2’\ q/
__,—

E——

%

/Zuva’

T Juw=1

! \ \'M M LT X




xX= glu,v,vd)

The Jacobian of & Unngormatim T given by { 4o hlus, W)) (s the matrry determinant
z=kluv,w

Note: BT & a transformatin

Xu X X ikt R? tr R use the 2x2
j’ . 3[7(,?:,2) _ Yo o Yoo Ve maliiy with Z and w_deleted.
a(u. v, w) Fu 2, Zu J=( Xa v \
NE

ext) Coleulate the Jacobion ad the tmn,sformzzm T () = (xy)
& X=Uu-v*" = Juv

/

(b> A= 2 cs—zt ) =-3 6s+zt

(&> %-3rcs(28) %=3rsm(z9> , Z-t?

(a) j’/ Xu X 3w -2y A 2u — (20 2v = [buP+4y”
Yu Ve 2v 2u

(b) J=/ X5 Xy = 265-2{: “Lfe,s—% _ 12 85-2{:85+2-E B /2_€5~ze€s+z{: o 2a ezs
fo Yol . |-ae™ cbe™

() j= Ke . Ka Ke 3cosl2 0) '61”5”\(29) o Note : EXpMMn? the determinani
fj" Ye It - 2520 brios(29) O mﬁ 4’ row o oolumn with a
Zr Zg Zt O O 2t lot Uj 83 S Vt’? convensent

b ['l, use this colummn.

i

0o - 0 + 2t (/8;/ cos (26) + 18r 5m2(29>>

U

26 rt




Lets explore what the Jacobian means.

Cm&&dﬂr ﬁh@ ﬁmﬁrmﬁﬂw T: (wv)—> {x,;) %’Vﬂmbj X=U+dV 84(/1«5\/
What happens Ty the wnit Spuare 3/1/6[1,@ 0£uUL) L 0vel under the lanformatiow T 7

N

Here's what T does B the wnic Spuare Aw the uy- plone:

The left edge is given bg U0, 05Vl

WUnder trmformmw T, we plag m

U=0 ﬁrget X=3V , 3,=-3\/ , With
osvel . This is the parametnc

%w/m of a line segmext frm (0,0)
b (3,-2).

The bottim edge is given bg VZ0, 04Uzl
Under transformalliar T, we plug M

Voo Iy g&t x= U, 33“,#%#1/ 04Uzl
This is the parometnc %am pj a
line segment %mm/ l,o) o (1.1).

f

The ”Wedze 5 ?vcn bg usl, 0svel
Under transformaLior T, we plug w

U=| ﬁyget =143V, 3=1—3v,
With osvel This is the parameinc
%om oj a line segment %mm/ (i)
b. (4.72).

The top edge is giren bg Vel 0cusl
WUnder frmformmw T, we plug w
vel tr get AoUid 47073 with osuel.
This is the paramatic %omt of a
line stgment %mm/ G3) b (4,2).

g w T Aren 6
Area L 7

I3
)

= —_—
pr—

ﬂ%ﬂ@wmmgTbiT/xuxw=

o The lsolde v o the

Jacobian, (s the scale %ﬂfﬁ)r
%or e area ﬂ&{ a Fc’fm
bal}/% Z?’msformed bg T




TLLLS allows s Tr- twm a Complicaled domairy of m&igmww ity o simple e’

CW of variables /mm for dowdle. integrals

Suppose. | is a Trans formation that maps. a regiow S aw the uv-plane
ra re?mv /Q w e ?Cg-/,ﬂ/M& Then absolute value

of Jacobian

omplited ﬂ fluy)dA = ﬁ F (X , ytui’) ﬂzl) dudv
regim—_ P, 5(-\,Swtpk regim>
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Evoluate fg”z AV, where E lies between the apheres a+g'+ 2™l and

7(1-}32+ z’}ﬁ‘ N t/w fl}ﬁt octant .

5/@&%#&! rcgm/E
Lf/; jof/z j‘z peosh - phsin dp dods

;Z_ A"Vz‘/,z/o3005¢51n¢ d/?dfp

z

.
;TZE /0 ’ Cosqbsmd) [#ﬁ*]l dd)
%TZF foﬁz Cosd)srn(b d4)

15T | ap =
@ [’260545:]0

15 %@
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“HW Il aectionw 12.9 qud gprb A3

/Smg o Checkein 1% (s eamples in 124)

2.9 Change 9 Variables (cont)

Kemp :

* M vansprmatioo T maps o regim S in the uv-plane. I the regiov R an the xa-r/ﬂla/w, then

30iy) 20uy) -
gvc(x,ﬁ A= \[fﬂc/ﬂ"ﬂ)’j"‘"”) /3(;v) dudv here /3(“"’> IS the absolute value «rdf’ﬂw Jacobian
¢ T/v.e J_MObWWD IS j = Xu Xy = Xq >/\/’ X‘/y“
Yu Yo

ex1-> Suppo«se T s the ‘[’rusfarmzzm given éj X=2u+V, 61= u+2y

2) Frad T, the imverse VM\S%DVMWW

Solwe %or Ward v I X:2u+V “2(x=2u+v)
—Zég»u r2v) __@__MLZV/

X2y =23V -2x+y. = -3u
v--3lx-2y) u: é(z;ugt)

//—.—p

IS m=é(lx—3), \/"é(X—ZgQ

b Compute the Jacobians ¢f T ana T

) = M _ Xu Xv
jacobwu/o%T’ /agw)] ’(y y /: 2 |

. . (w¥) ) This shortcut is
jﬁLCObM//z,od T - / g/(—)(%)‘ U Uy | = s, ’/5 i, Ao N Wit e Loxthook
\{x \/\/ "ZS 2‘/5 (7 q 5 /
)’

Oﬂse&wt d’act-’ It the tmm()lormaﬁo'w 7T mapp'mg a regio s the uvplane Tr regiov v the
Ry plane fias Jacobipn 5, then the ﬁm%ormm T WlpﬂMgl w regim 4w the Ry plane
o region v the, uvplane fias Jpcobion j%‘




ex2) Use the Change of oriables - 2us Y- us2v tr Ciaduate ﬂ 23y A

Where R is WWW reginv with. Verfiees (0,0) ~, (2.1, and (.2)..

Start with.a sketeh v L <
Xz 2ut+V kzgdm\s n
T Regm;km T: {y:uwz\/ \ uv-plane
%3-¢W < 1 /vs [-u
o2 — 1 \
,\ 7’5’% uz0 —> \ / V=0
\ LB ) Y u
4 ix
Pl each. boundary piece in 15 the givew Change of. veriables Pioce 1 Piece 2.
U fimd the shape of The new regon S i Uv-plane. 4= 2x Y
w2y = 2(2urv) we2V = 5 204v)

u=0 V=0

7o use. the. W@ od Varubles %ormala, we. need the jaccobmg T

o(xy)
J—= {9—{% = Xu Xy — 2 J = 5
Jju \‘jv | 2

Wiite the new m@gm[ i Terms oj Uy . Use sketeh . aet the bounds
~ = u+v - 3(urzy) .
g 13y AA ﬂ(z v - 3( ) [3]dA
=3ff -u-sv dA
S
’f)fulfow’w&/ dvdu

2

Piece. 3
yréx
U+2v= 5‘(2M+\/>

Ve l-ul



X Similar tr HWII prob 43
ond_ popular exam. guestiom

ex3) Msea/dmn%?lvwm{olas W compuie fjsxa @A where R mﬁwmym bounded bét
K:24=0, x25t‘l,5xdm l 57c;1,8

Nitize ng/o and x- 23'4 can, be Convenknﬂa renamed U0 ond U4 #ar U= x-2

Sm% 57(# | and 3%;48 Con be. renamed Vel and V-8 OJ,orv—L%xﬂ
So let Usxe2y., Ve Y.

Z_af's gct orﬂammi with a. sketeh v
51 o Bxey=l 3x-y=8 T -l {:':59:—2 n=0 u=4
e /_/\_j,% V-8
X2y
X S KE?/{'WL S m
-+ - uv-plane
Kegioo R im T=27
%a-/pﬂm
V=1
7

We %&WB Wﬂﬁﬁ&s %or T l(pam. ry U m/) anstead. of T To computt the Jacobiow aj T, we use the
(faéf that the Jacobiaw of T. is the reciprocal %’ the Jacobian of T

3luy) b2 o en-6)2) = 5§

jicobmn 7 T—I =
olry)

> -

= | Ux Uy
Ve Y

—_

:)Zcobwmaj Tz 5

Use this T rewrite WWM
fJBwa /f CLA 5/1»[704 % dudly = fLVl/g

G\




13.] Vector Fields

:ﬂm‘ assigns .4 Veclor 15 each ot (x,g).

A vector {/‘dlﬂé m R s a Junctin F
A veclor freld on R> is a Junctin F that assigns a veclor T eack pount (x,g,z).

ex1) Draw the vechr Zf’mld F- <x,37

c
N r 7 "Starburst
— I > x e-ink .on Tablet
" N
p% \ C. NS (ZOZO)

ex 2) Match the vector fields (a)-(d) with the plots labeled I-IV. Give
reasons for your choices.

(a) (y,x). (b) (I,siny). (c) (x — 2,2+ 1). (d) (y,1/z).
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e
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NNN ey

P PR R
NN |-y

s 222\ 7
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A
1
t
7
;
~

i e e T e e e
w2
W
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N
\
A
A
f
/
7
/

I

v 5 b
I VRV AN /
NN NN NN NN
P il Pl i e s g

e s

AAAAANAAANA
NN NN NN

NSO

AN
AN
=5

=5

0{/3;3:\

ex 5> Mé@ VectorPlot  aud ~ VectorPlot3D  fir {WIPL a vechr a’L}:M that a’fﬁs each d&scr;'pmw.

2 3D Starbust

bY 2D Starburst with all vectirs same [mgfh,
¢) 2D upward &//ou)

d) 2D swirl

e) 3D star collapse (inward 61&//!)1»/’5‘(5)

Hint qor the ones below: the gradient gf o surface. is & veclr field
) 2D all arrows pointing anny drom y-oxis andl, orthagonal W y-oxis

3> ZDWMWO? these ‘,\/
//\‘

\

—



MW&

Reminders

~ WebAssign. 13

= HW 12 aectin 13.] and provlem A1 (see. Piazza for Technology help)
- Review - arc Wﬂb /orm»u,la

[3.] Vector %Ms

Recap

F-Xx.y) is the ‘tarbust’ vecr Jield

Y% XN NN A4 A A

~~~~~~~~~~~~~~~~

GO ﬁ student.desmos.com Md Use code QDCACS

Do the “Veclor Field Muth ’ ac&'v@



ex 5> Mée VectorPlot aud  VectorPlot3D ({I’Vlﬂ(z a veclhr gwm that ({/'ﬁs each description .

2 3D Starburst

bY 2D Starburst with all vectirs same [mgfh,
¢) 2D upward %/ou)

d) 2D swirl

e) 3D star collapse (innard S‘Lhrburs’t>

Hint for the ones below: the gradient ¢f a surface is & veclor fueld
£) 2D all arnws poining anny From y-oxis andl arﬂwgomd o y-axis
j) 2D WWLWojthesef \‘ _
=
\



Check-ine 1F

EVM /Kf (x+) exz—yz A where R is the r@omglﬁ enclosed. bﬂ
the Wes 7"&‘0/ %'51’2/ ?<+OL!=0, 9<+g:5 bg kawcgb an appropr iaté

Gkﬂnﬁe aj variables

N
T72 ‘
X420 &
r '
v:=3
oy * T _
U= X-y
— x V= )('f’\/ V=0
Oﬂg=3 0 ws2
Reylmﬂm
'x49=0 %g_lom
oluy) b
-\ wY _
TJacobian of T .- m\=Jlr -

if (X+y>€xz’yzoéﬁl: if ve /é, dA
;lff\/ew dudy
3ty [ve]l

=5 ] e dy

/U



W@dm&da% Nevember 4

/Qaym}fmifg
= Compile HW 1| for André

Note: For problem A2, Youw do pat weed G write all b orders of wnieqraion..

The  goal. is b pick the nicest ome

™ [Thursday ] Study. for Check-in 18

13.2. Line ///zlevqmés

A line A//(@ml is an arieqral where. the. domair %f anieqradion is. sme curve C
There are T difjerent kinds = me where we integrate . sealar Junctino and ane

Where we inegrate 0 Veclar funclinv

If z-£lxy) , the graph 0(7 tisa surface
Then the line anteqral of Jley) over 4

curve C s the area of the curved Jence

Nz#(x,y)

-
ya
/

[
Curve C

The /m%bt @/W/&m is fley).
The base o the dwwa is C.

The graph (Ef Fixy s a vectsr /L@&Z

Then the line wniteqral of I—f(x,y) over a
curve C (s the work dome ?j F om a particle

ﬁ%vm‘% o C

Vector (;f/da’ E
\‘\ ‘ N < (/4
4N 4 A4
NN NN e e A

}

[ A S R T T

¥ ¥ » \‘
K ¥ s %%
/;’;»,ﬁ r‘v\‘\\\

_curve C




N@ Aiscuss the [W/& Wﬁf’ﬁl OG’l a  Stalar J’mamw 7[("17> %/‘r\st

Curve C_ with Wrmm
rit) = <x(t>, Y (t)>

o
/ giten by £y

Area ¢f reo
Is ‘F(Xr,Y.') - AS curve C/
—

——

ha'?lﬂ‘! arc mgm

Line Mll%mé 1&1 %(X,y) over C s
[ bends = [ Elange) 58l a

—
(gt o rectongl) + S
(widlth of racWe>

ex 1) Fralugte fc ?(kl']"dé where C bﬂwrﬁghf W”f x4y 16

Step. 1 : Prrandterize. C
W]

C: Po- <Lf cost, Ysmt [

»
Lt e

Stip 2+ Compude, dls - X540 dt

(s =\ lesm*t+lbcos*t dt [Notei For a crcle | ds - (rodius) dt

= 4 This can be. g Compulatimal A/Lortcut]
Step 3: Py dn PO, pud ds

Mo
j Heost (‘ism’c).l -4t

~ Ty

Step 4+ Compute

. 2 .
g f ost -sm't dt = /-fbj wou = | T4
’VL -1




ex 2) Swpposa fisa /Mmm \saﬁsﬁ/'@ 1.9 = £(xy) ¢ 8.0 ({oraﬂ (xy) .
Whic of the mumbers 0, x10, £50, %100, *200
is closest tr Jf fepds for the curve. C. shoon below?

»
T
4 N
. L curve C
b -:J, 2 2 4 :s 8 ! x
;—0

Are [ﬂwﬁﬁc =85+l r 643
~ 25
/'/co"g%f = 8

/c#ds ~ 1200

ex 5> EV%[W fc xe¥ds Where C is the. line aeqment d’rm (0,000 & (1,2.3)

Step 1 Prrameterize C C: pwo-{ t 26, 3t) L petel
Step 2: Conpute ds ~ 7+ Vé + 22 ds-JTTr 2w 3 dt = [T it

Step 3: Pluge an P oud dls f t e I dt

Stap #+ Compute ﬂif e ou ;’VE,%Q




NON [@fs aiscuss the line ng/, over a. . scalar field

Wee bit of zp@sm
Work = Force. * Distance
e

both vectors

downward. wind, force

LD

Work= 7+ 7 4 i
=comp, F ~
(Work <0 m
7 thes. pucture

Here is the vechor fieldl 3,17
Think of each vectir as the  force
of some %/owm@ wind, at that Pt
So F<z.y ambef/wuﬁ%u‘y? as a
Constant breeze everywhere 4n the
3.17 directinn.

exy) I a bee %/bas /mm
(o)t (22) b 4 Strught line,

))))))))))))))
1111111111111
////////////
IIIIIIIIIII
llllllllll
lllllllll
))))))))
1111111

//////

lllll

E A g
///////////////

E G I s S G s O O G O O G o o

(SHA

/% 66&4@

What (s the Work doe o the T e Nt sl
bee bg =
La%m of profecting = Compy F

Fd

-.F ld]|

= sy 554537

= (= This represenls. the work for 1 unit W/L”&/ i
%W Work = 212 - l&lﬂ,gf/b @f i

=20z - 3(= = 5
Noﬁce that we caloulated F'Zﬂ and. then multiplied

by 141, whion- is - Fe g (121) = F-g



Sea Zme MLZ&gmls over veclor

fwkﬂmmmwon,Wmmmh

———n kA
—— o E
—— P
R
——

A

........

ey | Ny ———
O N B N

eld con

be e 9hmﬂ£i% of some surface

This vector

—

eld con mot

be the 3nm%£i¥ o some sw-tace

Thys vector

#/////////IIIT
(R N N N N
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\\‘») [ R S . Py
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\\\ [ B SN e g
VA T VRS I e
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SR ENER L LR
P b ey r s s byt
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VY vy a8 pu 4t 44
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NNNNSN e mr g g S
NNNNSN S ermr g g J S
e M R e e
R e T P




%’a@ November 6

Kemindeys

~ Al Week 1] WebAssign due SWZ@ before Midnightt
“HW. 12 et 3.2 esp %18, wsthid for Quiz. &)
- Sm@ o Oz & (sectims 128 # /3.2)

13.2 Line ngls Cont)

Recap

Line mzfegmé of scalar jmomw /\/Z“P(W)

l; ds = l 10(?({)) lro| dt '

\% c

Line ng{ zf/ vectas, %?ad \ Vector freid F

—_ b_’
fc):-ou,: =£ F(F@)  716) at

/CW’VC C

\




exs) Let F-{3x*6yz, 243z, /"*9‘5127 v, eialuate cfE-dF Mm%‘th&

éfal(am/'nﬁ WS C.

(a) The path o (00,0) ty (11.1)

giren éy x=t ,j>t1, z-13

(b) The 50@%/# line /mm (6,0,0) To (1,1.1)

(a) Step 1. Prrametrize. C

Step 2: Compute 7

5&,03 CDWW /E/?(f))'?(f)

S tep 1 /n@grﬂé

(b) Step 1: Prrametrize C.

Step 2: Compute P10

Sﬁzp&f &)Wmfa Flzw- )

) tep ¥ /nZ&ﬂmZé

The cure C Fas qparametrizatioo PL=<t, €547 | o%tel

P-4 2, 3¢)

F’/m)wfﬁ<36‘—ét‘~t5,2t‘+3t‘ii 4t R ) B
s{att et 2gtanen, |44t )+ {1, 2t 347
= 37 4tT 2t (24Me340) + 3R ALY
= étz+ L/,é5 ’/Z'é”

|
2 b
foéf*‘W St dt c S ECE C| 2

The cume C fas paramerizativo PO=<{t.t ) , 0¢tzl
FI&>’<[/ I, ]>

ﬁ/f/o)-F?f>=<5t€6ﬁ 24437 l-‘ft“'> . F'(f>
S a3t e e UL,
= 2t -4¢t + |

2

[ 5
s 2t-Attridt = Z -5+ -

A\




-

= X Y -
exé) }1C F- oy b v I and C is the. parabola 5:11»98 Jhm'u £v2) 45 (1,2) )

s [F'df presilive. Mgatwe ,or zen ¢

-1.2) (12)

% % % OhNe% oY ok g o PR S A 4

AN L t PR S A f ;’E.a’; =0
LU N U L f foA A A “
L T O A # A A x ¥

- o %W ON %k [ R S SN A G

R N . P S S G

\\\\\ ~ A r e e e

rrrrr P NOR M R e =

P S Y NN M A e m

P A A P T

P A A A S A I YONON N N e .

e T S A A VO N N N

Y A A A U T U N N

O Y S S A s T T T S O

ex?) Fiudl, the work dome é‘] the fm‘e /}dd l—f[x,{?ﬁ Xl + (2 | diw movrg. an Obgect alaﬁ an ach od'i
a Cgc@dﬂ[ rit)= <t—5mt/ |- cost >, 04t 27T

5{’6/0 1 %«mmei‘r/za C Fi) = <f-5mt/ |- tost >, 04t 22T

Sﬁep 2: Compmfe Fe) rle)= <[ -Cost, sint 7

I\

<15-5/‘nf, I-cost +2 > P lt)

<t-5dm,’, 3-cost_ ) <|—Cost, 5/‘nt>

t - teost -Sint + sint cost + 351t - sint. cost
= t-tcost.+ 2sint

5&,03’ Cwm Flew 76 Flzwr- 70

\

\\

27 27 2Tt 2T
Szﬁep 4 /nzaﬁmﬁ jo t-teost +2sint dt = [’L-ch]u - ([ts"”tl, - fo sint 0(75> +0

2

=| 2T




Check-in, 18

Suppose floy) = %, F-vf ,
C is the  lome %mm/ (-2,0) t&(2.0),

C, is the  lumne fom (0.,0) & 40) .

z-flxy)
@ Is l 1 ds 4005%7%,%%&2/5 o Zen! 0
» s fcz f ds 4005'&&2‘%,%74122/@ ,or zerp! -
) [s fc( F-dp 7005&Z2'Ve,ﬂ,e74&'m ,or zer! 4

(d) /5

o

—
F-dr posiflie , MWW; Jor 2erl -



/Vfomt% Movember 9

Ke mindlers
- Do Check-in 19 on Conums be,{or& midnig»/tf fgm?@t
- Stmig /—or Quiz 6

13.3 Tundamental Theorem of Line /nrelg/nls

Recap

Let z=Ftxy) be 4 scalar-valued W‘m Then VT = (TC;MCY> is & veclor freld im R™  whose
Veclors pamt An, the  directvin 7 dlsepest AnCrease

_ Level sets  x+y* R {orm, contour plot
Gm/oh 05 4 ()= %7’+3 ’ Gradient VE=L2x,2yy A4S the Veofarfreld-




lf a vectar //'eld Fois the gradient veclor field of a scalar funcliw o - then we say
F s.a coservalive Veckr d/'eéd,. The - scalar dmwmw 6( AL the  Holentinl Jractiow o F

Lets Lok at wh? We use these Terms.

ex) The vectir Jrew( F is raphes, below. 5\5 dnspectin., does E appear 1 be Conservative?

?Mé‘é %mﬂmg s gmxph, i # were
e groduient of some Surface , there’s

[ocal maxima here

B N N N W N N N,
et a M A A A A
et a m A A A A

|—— Sadde pont heve

e R A A A

et nbok B B uphitl, Toward the tan local  maxima
ey e\l eva?whgm else
TN

s 68 1 4 d 3R ETda SN EE el oty N Yes, this looks like it could be the
T TN

AR R R R R R R AR R AN gradient of &t fump surface

These.are The codour plot and This ts the graph o] the potoil

gm;’m;m; f‘eéd 7 #@hjuffﬂcf Juctin of ‘the " veclor field on the left.
Z=4y) o the ry

7%&5 vechr é’/'elaf 15, Conservative T/Mj is Called o potential W
. the. sense that: Energy is Coustrved because. 4t represents. the poledial

energy . or . electiostatie. potential , ot drme
Other kind ¢f poteniial



—

H F is a conservative vector el weCan M@% %/'ﬂd M5 polential Z’M,ofw‘w é/
This is analogous. o %/’Mlm& the antiterivative w Cale 1.

ex2) Let f(x,:j% (2x-3y) [ +(-3x +hy -8)] and frd by such that F- 174

Ne are é)ok/'/% %M’ %[x,ét) such that s gmdceﬂ/i‘ s F.
50 we . want
vf=F
{fx £y <27cf3j,—37c +4J—5>

ﬂ=2x-5j %s —5x+‘U’8

writyrate with respect fy x M(zjrm with respect 0 y

= x5 Syxr dy) F=-5x51+2jz~ﬁ+vgq§2
Some. unknown Tesm.s Some wnknown Term.s
memmws memm@%s
andl no %3 and. noj'é

Cﬁ%p@re the i, versims ﬁJ 1[4 143 al/gam out what 34/%40[ be.
Be .sure W Anclude every Term and dgnore Qupleates.

f- xz—53x+ cly) F’-5x51+2f ’Bj + d(x)

vy

Floy) =.2°- Sy + 297~ 8y t C
This can be an
Constant ¢



/f/’w reasons that we Cae. abut Conservalive veclor 0/4&&4[5 are

(1) many /}Mgﬂm phenomena. fave. conservadive foree frelds ( grovity., tectoslalics, )

(2) it makes line ng&s ay easier |

Then

Fundamenizl  Theorem i/# Line /M‘%ﬂ,mlj

Let C be a Smoth, curve with paramelizadion . Fl)
Let £ be a d»ﬁrrmﬂﬂ(o&a (71WW whese gmd»‘mf vE s contommous on C.

[ vFear = £ 7)) - HF{@}

Py in end pt. . plg in Start pt

- asteb.

% (//féeﬂi fact based on the Fundamental Theorem o Line lniggrals %

When F s tonservative, the actial qpath of dntegratin heswt matler at adl!
The only mnﬁ that matters (5 he alue o ﬁz at the  endprints’

This is called DN Amdependence.

~

W ikipedia article o Couservative vectsr fed gives AT - about qpath Ande pendence.

Informal treatment [edit]

In a two- and three-dimensional space, there is an ambiguity in taking an integral between two points as there are infinitely many paths between the two points—apart from the
straight line formed between the two points, one could choose a curved path of greater length as shown in the figure. Therefore, in general, the value of the integral depends on
the path taken. However, in the special case of a conservative vector field, the value of the integral is independent of the path taken, which can be thought of as a large-scale
cancellation of all elements d R that don't have a component along the straight line between the two points. To visualize this, imagine two people climbing a cliff; one decides to
scale the cliff by going vertically up it, and the second decides to walk along a winding path that is longer in length than the height of the cliff, but at only a small angle to the
horizontal. Although the two hikers have taken different routes to get up to the top of the cliff, at the top, they will have both gained the same amount of gravitational potential
energy. This is because a gravitational field is conservative. As an example of a non-conservative field, imagine pushing a box from one end of a room to another. Pushing the

box in a straight line across the room requires noticeably less work against friction than along a curved path covering a greater distance.



ex3) Evaluate J. F-dP  Where F (s a. Comservalive veclr [74/'&1% giren %
F’xzhgjzj ot C is e are (5/ the Parabolo 5=27<’- Jrome (1,2) tr (2,8)

F is conservative 5o, F is the gradient. gf some Junctiov . # we aﬁmd é/,ﬂmz/ We can use
the. . Fundameninl Thesrem. o Line /W(?'/’ﬂlé

D /:/ndé./ %,( = x” ﬁg =gz
O/t=éx’+6(5> O/I=f§f+d/x>

%()@y)’é(}(% y5> + C

2) Use FTLT fcﬁ‘d// = iv{.d;
- 'F/eiwlpt> - ’F(start /pf)

- ?(2:8> - ']C("[IZ>
= 3§52~ 3(2 e ty)
g, !

'-’/“fB

3

3

171

=




Some Voméwlwaz DA cume s simple i At does mol smtersect dself
A curve is closed Y A Starts and stops al the Same prmt

W %LC/LJ&/ Mese. curves. are Chsed? simple?

N0 @

S myple not S imple not S mple Stmple
mt closed closed mt closed closed.

M:seDW %sz based g1 previpus usefal fact

ﬁ £ F is comservative and. C is a simple Closed curve, then fc E-g7-0 @ 337

WWW(/ aj these. veclr Zl/‘aéﬂﬁs Is st Conservative !

P 4 i et S L Y

S AT # e R NN K /o

o EE e RN N /

A A v N NN /o

P LT s

Voo S s

Vo TR s

I T P

Vol 2 A i
\\\\\ v A 4 of L e S
NNNNSNAT= T s s g S e S
NNNN =S g S e
N N N S e s A Y
NN NSNSy 7SS S N

| hb veclor %/B/d it Conservative //h['j vechr Lield lowks like it can
because /CP-oéf‘ (s positive and be Conservative, but tard I be sure
mt 220 when C is & Counter - based. on. graph alme.

Clockwise lowop . around the origan



=

ex 4) W If /E/x,g,z) = ey +xe'] + e K E s conservative.,
%/’M/ s cpolentinl fmwﬁmv %

(7{?6 - e . ze! 2> (z4)e?
J =xe? + clyz) gfxghd(?@?) ﬁ‘ = (ze)e® - [etde
- ze® o+ Mac,g)

Unknown Terms with
Y.z but mo %.

%/x)g,z% xel vy zet v C

) IF € is given by T(t): <t,t‘} t27 Jor 042l ewpluate [,ﬁ'df

F is_conservaive |50 use FTLIL f ﬁ'd? = fvp'df
¢, ¢

=FO) - Fl0.00)

Ze - 0O

\\

= | 2€

{C) /_F C; /s g/”,g”/ b\ﬂ ;f/.(.): <6[;n7—[f € ‘C&{L> ﬁr 04t 2] , eialuate \/C;F-d?

Notice 7 (0)= (0,000, and T (1)- (£.1.1), Since Fus conservative. ZF'W Ls R, independent

fﬁ‘d% ’l E-47 =| Ze

(@) 1 C is given by 7t)= (st cost , 0 ) o 0st <M, eunbuat fcf.d;

=10

Since )?As conseryative aud (s . is a Simple .closed loop fcé --dr




g/w%da% Novenber, 10

Remundters

~ [important] Do Quiz 6 on Cams Detmeen 7 and. 10 pm
— A Tlmer is 51%7%[% recommended
- Mﬂg«b& ao e %ree responde Wsﬂ'ﬂw Jrst 4



Quiz 6 Practice Math 2400 Calculus 3

Name:

1. Determine whether each statement is TRUE or FALSE

w/2 pw/2 pl
(a) The integral / / / p*sin ¢ dp d¢ df gives the volume of 1/4 of a sphere.
0 0 0

o 2 g2
(b) The integral / / / rdz dr df represents the volume enclosed by the cone z = /22 + y? and the
0 0 T

plane z = 2

(c) If the work done by a force F on an object moving along a curve is W, then for an object moving along
the curve in the opposite direction, the work done by F will be —W.

(d) If a particle moves along a curve C, the total work done by a force F on the object is independent of
how quickly the particle moves.

(e) If f is a scalar-valued function, then / fds= 7/ fds
-c c

(f) The line integral / F - df is a vector.
c

2. Evaluate / / / xdV, where FE is enclosed by the planes z = 0 and z = = + y + 5 and by the cylinders
E

2> +y> =4and 22 + 42 =09.

3. Find the volume of the part of the ball p < 5 that lies between the cones ¢ = % and ¢ =

wlx

4. Evaluate // (x2 —zy + y2) dA where R is the region bounded by the ellipse 2 — zy + y* = 2. Use the
R
transformation given by 2 = v2u — \/2/3v, y = V2u + \/2/3v

x _T_ Y dA where R is the square with vertices (0, 2),
T+y

5. Use an appropriate change of variables to evaluate / /
R
(1,1), (2,2), and (1, 3).
6. Sketch the following vector fields in the zy-plane.

(2) F(z,y) = (y,0)
(b) F(z,y) = (2,3)
(C) f‘(‘ray) - <7y71'>

7. Calculate the following line integrals.

(a) / 322 — 2y ds where C'is the segment from (3,6) to (1, —1)
c

(b) / 223 ds where C'is the portion of y = 2® from z = 2 to z = —1.
c

(c) / 2yx? — 4w ds where C is the lower half of the circle centered at the origin of radius 3.
c

(d) / F - df where F = (y2,3z — 6y) and C is the line segment from (3,7) to (0,12).
c

2 2

e F - dF where F = r+vy,1 —x) an is the portion o x——i—y— = 1 in the fourth quadrant with
F - dr where F 1 dC h f4 9

c
counterclockwise orientation.




Math 2400 Calculus 3

Quiz 6 Practice

F - dr positive, negative, or zero?

—

, is the value of /
c

8. For each vector field F and curve C' shown below

- > . = = s = = e e e =




Quiz 6 Practice Math 2400 Calculus 3

Answers

(1) FTTTFF

(2) 657/4

(3) ‘/33_ Liosr

(4) 4/ V3

(5) —1In2

(6) Use Mathematica function VectorPlot[] or this online plotter [https: // academo. org/demos/vector-field-plotter/|]
to check your answers.

(7) (a) 8v/53 (b) (145°/% —10%/?) /27 ~ 63.4966 (c) —108 (d) —1079/2 (e) 5 — 3w

(8) pos, neg, pos, neg



https://academo.org/demos/vector-field-plotter/

4. Evaluate / / (z? — ry + y*) dA where R is the region bounded by the ellipse 2% — zy + y* = 2. Use the
R
transformation given by = = v/2u — V2/3v,y = V2u + \V/2/3v

/KW/W: /I!jf[x,y)cml = ff—ﬁ/xms y(m>(9(xy)) oy

Compide. Jazbian. : o) /X« XVJ;)(z«E _ 1
Yo Yy INE] >

Convert Wﬁfm w.uv - X=Gu-{Y , yz{zu + (%5 v

Xzzxy+yz=(6u—WV>z‘lﬁM’ s V)(ﬁ“ + B V) g (ﬁu % ‘/) 2

= 2u42v*

C(J%Vﬂ}/é )’eﬂ/{on R '&)’ uv - X" - Z?Ej, 61 o

2u+ 2v: =2
u s ¢ = — New regzon s nside wnit Circle.

I’\/th new Wf%ﬁd,( : f (ZM"‘J—Z\/") /%f du dv

[ 90‘4 iy Contert U polar Uy do j&ml Com putatims >



5. Use an appropriate change of variables to evaluate / / . dA where R is the square with vertices (0, 2),
(1,1), (2,2), and (1,3).

9’.2-07‘ =5 Yrx-2
K &—/04% y-x=0 Let U=y-%, \/—,3.,% be Uy Mew rey’au, S
J \ ofUL2 2eve4
YK E B L
9 2o 7 4t xe2

Formuda. \” Hooy) dA = /j £ (X, o) /g[‘z\/

9()(/)/)

Compn& cobinns’
%ﬂ I, VB

ﬁw{ r Compule gemas& e Uansformatign is not. v W%rm gL

dinstzad /;fm/¢ . u\,}:/«t N
Alwy) V, vy b

We'll compute / luv)
9(%3)




(b) / 22° ds where C is the portion of y = 2 from z = 2 to x = —1.
c

Formuy Lo fa fds- [° Flew) 7w ] dt

Primetrize C 0 Pl {4,y -letes

Compute. [P/ = 0= L1, 3¢
|Pto]=/T+aer

P/% P b £ f(7t)=. 243

Witk /‘Mﬁm/ : iz 262\ 1ragt At



(QIM'C/( Curve /pammctn‘zatw'w revien)

bo ttrm Mf aa{ Cirgle oa[ radius 1L

Flt)-= <Co§t, smt 7 TeteaT

Lef»t’ half 03(’ conde 03, mdivs S
r(’f) < 5/C05‘t Ssmmt ?

4%

MR

top %2% of this ellipse —éli’x

Féf>> <L+Cv6‘t , 2smt > Oétl—ﬂ

fine .Seéw,n’r K}rw'\ (2 (é,l%)

Fye Llose , 2oy pute

IIM é%wn+ “(Yﬁrw'\ (o,b\ £y (5’,d1>
23 = st , b-8¢Y 0 £ 42\

}IM eq pent (lol?w £s
{r) </o—(qt R 02t ¢l

9 \/—’ jmw\ (45) to (20,4)

2=k 72 [ §itizp

%553 %”DM ('II“D 60 CSJL\

=K t*, ¢t 7 _] ¢t L2
x-e3 Jom e tr xee®
ey L et 7 L 2te3

3: Bsm(xt) %kom x=0  x=2T
s> = &, damlE) 7 0 £t €2

(4,6 )



%/ovu U picK appropriate lransformation

%xfbook section 12,9  exerass

25> Jj ﬂ O}/} ]Z FAme(aijm

% 52(/&/ e loge A b X ~Z\/ =0 } These look
. similar 1
4 XJZY - LT each other
U= X-2 O<£U ¢ _
V= 3% *ﬁﬂ | ¢ v =28 XY L j
2%-y =0

e encloset Yy

24) jf (xfﬂ QXHY d A 2 reet®
)X

[ 5(4\/¢O K-y = z ] il

= it lo
nz Xy D2y t2 [\(1"\/90 )(4«\/ 3}5

NE2S Osved

wo [ Jlay)
new Wﬁrm/‘j Ve /9(14,:3 /

22) fj,z 5{“\[ {XZ*F%/Z)QJ/% % req 0"
‘ Loundes]
Circles are_easier than ellipses , so Hh %‘V‘p“} WW_jL ’ «

2
b fuwrn 9+ Lfyl = | mto UP+ V=] QHLP% qu’k LTY = I
we P:‘ck U=3x  v= 2)/
QCK»Y)/

new /h/bf@(jmw( s s uL+(/’> / o)



Wedm\sdndw ﬂ/ svember ||

Re minders
— Suomit Quiz 6 corrections. m. Conas bg 10 pm.

— Compite HW 12 dor André
= For problem. AL , See Tasks wost on Fazza fbr Mathematica. %dp

13.3 Fundamerisl | heorem of Line lwsgrals (cont)

Recap

[£ F is a coservative vechr %/em...
=vf for some Scalar %mz‘z‘om dl

- F

= [Ptz = £ - (P

— [F-dr is path independent

= ad C - is a simple closed curve, then fa’f'df 0

These properlies are So wice, but o G we. Tl that Fis conservative  without
é’&mg_ lold 7 To answer this, we need dome new vzzmng.

A reqin D in R* is open if it does mt inchuste the boundery

eX) WmCh/ I’E?/fﬂn/ L\S 0pem7 xl_f?zf, x1+g241
not open open

~ A regim. D is Simply - connected it it cmsists of e piece. with wo Toles




Testbng, fvr comservalive ness

Let F- <P,Q> be & veclir /)M o an open, 5bﬂwég_—6‘mmc@aé region D.
5 uppose Pond Q tave cobinuous %f/’éf derivatrves. [hen

/% IDY = QX evcrgmh,ere m./>, then /f is. Conservative

—

es) Is F= 8X605y [+ ¢'sim yJ a conservalie. vecr ffeld?

p- 8X605y ()= 8x5/‘n>/ Py # 0y so F is
Py = *C’Xémy @x B GKS/'“,V mot. conservative

ex6) Is F :/ny+y")Z + (x’—lxy's)j & conseryalive vechr field when y>o.7

P;Z’(Y“L\/"z Q= x-2xy? P\/ =0 for all Y. acept. y=2. But our domasn

Py “2x-2yT (= 2x -2y is g0, 50 me dm't need U word about y-»- Lastly.
the. domain Yro.is open. ad 5m@-cmnecm.§0
We Conchude F. (s .ConServative.



This groblen. dommtrates that we must check vt R-Cx aud. D is wen and simply-comnecti
before CJncM&ngL that F is conservative.

ex?) (n) Let F- <9¢+5 J,H'j> Do&s P Q 7

/I . X
Pe Ky A= Ky
P.- sy )) - C 305) QX = (ry?) - 2 (27) Yes, except at (0.0)
g e
= ’_’)iﬂ:ii?:- _ X%+ _2a%
by x4y’
S ek _ o yEx
(27 y) (2 +y)°

(k) CW)M?: /C F “Ar where C (s the wnit circle oriented Counterclockwise.
ls F comservative?

'UW%WZ?/ZB C Flt)= <005t ,5/‘n1’> psteam
mewfe 7(t) rt)= <—5/‘mf, Cost >
Com/om Flew) - ) <—5m‘(‘ | cost > e L-smt, oty

sm*t + cos*t
1

Write dpitegral fo 1 4t =|27T

F.cant be coservative because i F were conservative | the aniegral [’f A o a
simple. chsed . cwrve (- should . be . zero.



134 Green's Theorem

First , some new voca,bmkgov

—Let D be a region. i R? Then ﬁw,boumia:jofb ). denoted, @, [s the Curte that encloses D
ex) Trace D %r each regirm D

0 ©@ @

— et C be a Simple clsed curve 4n R and let D be the regim . enclpsed by C
We w\bj C s /poslﬁ'va\lzj-orm it D s on the [eﬂ ,,J C as we travel Mmg C
e) Mark e divection of C that makes G Posiively - ortentzd

Ced®




C? reen's Theorem,

Let C be a Aosiively - orvented, plecerise smooth , sumple. closed Curve.
Let D be the region enclased by C.

Let F=XP.QY and P.Q fave continusus mrtial devivatives m an open regin Containing. D

Then. )
| Feaz-J] Q=P as

Aéfﬁ’l/ﬂﬂjfﬂﬁ nolatims : (1) jilfd/‘j=f/ QX__% A
D !
f means "line integral over closed curve” M& %%VOV’I <

2 fi/f'%F’fD/ Qf% A

img anw gires ot entation

_f_,
{3> fc Pd)( ')‘Qdy = /bf QX—Py A } Lﬂaé

%&« orte.

The magie of Greews Theorem s that it gires us the power 5 switth between
a line wmitgrol and. g double ng’ﬂl . We can chwse whaterer is most Convenmient



ex 1) C(rmpm Lﬁ-d? o ,f=<9(5/9¢‘7 over the Vecmﬁdalf curve (.

Him, it F is conservative, thon whis aingegral is.ze!  But /?,=x and  CQy=2x

5o F isut conservative. Shucks.
T/Le curve C (s complicated /made of 4.separnte lines ) but the regom dnside is. wice . Use Greews theorem !
ch-dF= {)f 0u-B,
*ff 2% ~% dA
D

/f A dA

=[] -dydx

° o

\
Y
R




ex 2) Fyaluate [ F-a7 &lor F-<ef+xy ,e’—xy‘> and. C isthe Circle of - rudius S oriented clockwise.
Himm, it F is conseryative, then shis intrgral s zen) But Fy= 2% and Qx=-y* so F isnt cousermtice. Shucks.
Th& curve C is wice and Has.an easy parameliizatiun Pl <s.cost,-Ssmt 7. 04t 2T

So.. maybe [ cam Compute the line ng& directly as .£ Fedp =/a Blew)- red ar
Put FEWYFW) . lwks  complicated

The e é’ﬁfm «D enclosed bJ C i nice, b we can frg_ Green's theorem .

Notice that owr cume.C s oriented negaﬁve/g and we'll. need 1. sntroduce
@ nega,t:ve sign w f/k his

f?-d? s—ggc F-ar ;~fo Qx-F, a4

ol oyeas

- /f 9(L+Uz adA Kemember,
b aA= dydx i re lar
2T &
N j f v rdrd® AA= rdvd® in polar
y Yo
4 625

2.

~ ;.zﬂT =
;.[




6@%&% ffwmoﬁ% /3

Kam&ndeg

" Al Week 12 Wetssign due bebre midught on Sunday

34 Greens Therem

Recap

Let F-<P.Q) bea vector e, C be a closed. curee, and D bethe - regios imside C.
I F is conservatze, é/:'ﬂ[‘f 0
* Forall F, C’iibf'df =[[@,—P,d/!

exs) Evaluate éF'd? %or /E(x,%)%%@n, %4+2?<ng> where C consists of the unit circle orented
Clockwise and %z+<t11=‘f ortented Coundérclockwise.

Sketeh the curve C

/5 F Conseryatie 7 ?Dy =0 , &x - 47(3 + ‘f%sz A/oi Conservative

Notice C is the /ppsLZ/'ve/g Orlented bomdwg of e ring-haped. regim D betueen the circles
Tl/g Green's . thesrem

?ﬁff'dr - 4/ Q- BaA
=/Dj 44414 LA
- /D/ P (2™, dA
- f f z(‘f rcos®)(F). rdrds

- ﬂfon CosH fZV” dr A0

=10




/’/frfs @ snea/@ iy . Compule the area %Z a re?mu usuﬁ Greenw's Theorem !
Kecall. that fD/id/l Computes the area of D.

Notice that i we %}wpmed o Have a vechr gfcw( F-\P.Qy such that Q)(‘P), =, then
Civeen's. theorem would say

D

§ Eear - [ 2as
L_L/—J
Area ¢f D
So bf* e dmuent o veclr Jielol F-<RaY with Q-By=l , we oould use Greens theorem tr compide. area.
ex 4) Find, a vector fleld F-{P.Q> such that Qu-P -1

There are Aifinitely, many possibillies, .and. Here are 4 /ew
F-{o,x7 /f=<j,o7 F-(-2y,32)

exs) Caleulate the area inside the curve C given \@ Flt)= <5/'n2t, smi-> %or 04t T, Shown, belsr
Area- fbj LaA = {f Qu-PydA  if Gp-Py=l

-9 Foap i F-(P.0) satisfces. Gy-Rel
oD

Well use F=40,%7 Fere
[ompwfe 7it) rit)s { 2c0s2¢, Cos t

Cm/ouia Fle) » Pl <O , Sinat 7+ 2c0s2t, o5ty
Sintt) cos($)

.
Write ngl fo Sin(at) cos(+) gt

o
Uscost
fo 2 5int cost cost dt A= -smt ot

I

k&




13.5  Curl and D/'Veﬁqmce

77%7 re are tm more Rinds oj devivatives tr learn’

The m‘ygr?e/we of a veclor freld F-{PO.RY is dewoted V-F.
It 5. calculated vio

VeF=P +0Q,+R;

The cwén;a, vecor g’/dd F- <P,0,R> i5 denoted  VxF
It s calculated via

-\

=\

V x F-

N
>
O N
¥
™

-
~

Note: If you hasewt lowned the formudas. for divergence and curl ft ,
g0 VA I”Lﬂzza ? Tasks for Week 12 7 T/Mcdadu Nov |2 and use ks
W learn and Procice. the %ormﬂs.

Tha’s excellent video wil Telp us get. more Antuiliow P what div and curl mean

https://youtu.be/rB83DpBJQSE



Mseuﬂd U%&wfs about curl and div

- | f/:— Is . conservative , thew curl o F is zerw. In other words , V% (VF} =0
Intaitiow: If 2-8uy) is & swface, thew VE is & veclor el where arrows qpoint uphi”  an the directun o
greatest increase. That vector el con't Trave any “swirly” @ounts, Sikce that would mean. you. can. Walk
m a lop, end&@ where you Started., and. somehow be going “uphill’. the whole fine. That's Wossbb[e./

A Lo that is “wphit” ke
this cant occur if F=vF

Escher defies rezda‘g

. Th@ d/’vergmca of the curl of F is zern. In other words, V‘/VX E\) =0

°

The divergence. .of the gradient of 4., dendted |V - 7 £ = F|is called the Laplace operatar

* I curd F=0, ve say F i imotational |

* |f dw /f=0, we saY F s mcampress ible




Wé'% Use curl and div t upgrode some. earlier. ideas. Notice that i we lum F-AP.Q) intr a
3D. veclor freld by lacking om . zero> 4 the Z-component, then

arl <P,Q,OY= |13 f
%2 5 &
P Q 0

i\

[O-sz)f - (O-fg)J' + (QX ’P,)Z

Pand Q didw't frave any Z-dependence

\l

(Qx ’Py>—lz

* Test gfar Conservaliveness , upgraded

/ 7£ a . veclor %/‘d&é E-P&Y—s wnservatire, -W‘@F‘Py’ (oldl. version )

F-(P.o,R) then curl E-0  l(upgrade])

/#“QT;_PY m a SW@‘CWMW}@,W :Ers Conservalive.
curl. B

: Grem's T/L&rem, ufogmdeoé

- o Ok this me is not really an upgrade
9§ Feap = #QTTP}/# f Curl F % g4 since (25 aclually, mo?c@wark W(Zmputc
oD > > curlF. Houest upgrade Coming. som.



M@Wé% Nevember 16

Reymunaters
- WebAssign 13.5
“ HW 13 section 135 and AL
- S (/or C/w&k-m 20
'ﬁg?ﬂéle tr state (reenis. theowem
- Kedo examples %mm/ 134 npotes

13.5 Curl_and divergence(cmt)

Recap
The curl og a vector %/ela’ F=<Pary s VxF = T
2 2 2
>y ez
P @& R

V-F = P+QR,

T/Le d/‘Verﬁmce o?/ a vector /reéo( /E : <P,Q,R> s

ex 1) s there a vector %/eéd 5 o R such. that Car[5= <X5m\g, casy z—xﬂ?~7

We . know hat %or W% vector @freéd F it.is almﬁs tue that ﬂliv(curl F)=0.
So if (?CSL@, 605\9 , Z—xj> were . the. Curl 7 Some Olher veotor%/‘el% 5, then 113

af/‘rfrgzuc Should.. be zero.
&rf/'\/((mmj; sy Z—%ﬂ7> = V- (Xsmj, sy, 2—137
= Sl‘mg «5/%3 + |

= | #0 No this vector %/‘e[d is not The Curéij Some.
OWV vectsr %/‘dd



ex 2 sz/pm‘e the curl @{ /E’ <\<j,~76,0> andl §= <’3/ %,0>_ W/WJ the déffefmce?

crdB-viF =T 3 % =X0,0,-27  cuiG-ve6-|T 3 | = {o,0, 27
2 2 2 2 2 2
o Jdy OF M Jdy OF
Y.+ 0 -y x 0

/4 Slwd();,f ﬁ V%or %’xeﬁl Z

PP AP P AP o S N N N N
A A A A oror o> > wn N\

P A R S OGN

L S S N

- w x

Yo oy o

Y P Y rr A < ok

N S T A A
NN A2 > > v 7 7
A N S e P 4

FF FrF A4 e N
NN NN A A s -y oy

SAAA A e e e
VA AP AP g% aF g g e I Y
A A A 7 oror === ma XN
A A A 5 7 v vy = = 8 ax
A A A 4 ¢ v v = n 8 L
A4 4 4 4 ¢ v = % A U
I BV EVIEVEPE
Ak R R b RS R
L S N a4
L T T T T 4
LU O T T I R
A N N N O A e P s
\\\\\\‘*«lx//
AN N '
P e S S N
////xxn—«e*‘\\\
FAV AV AV AV S SIS S SR Y
P A A A N B
Y F F F F 4 4 < < v v %

L

"

/ nolice that when the . veclor 3//3/41 describes a. Cirtular %/om} , e curl c/wmgas Stgty
When the, %/au/ c/mgzs direction

Fact : The curl ¢f E s a vedor whase directimn is gorerned by the rzgﬁ'ﬁwzd rude.
Let the f/n?ao oj Your rbgh/f Yanol gowpw the. rolatismw - moliow &escribed b:on. the veclor %/BM.
Then your thumb Wil point. 4 the directimn oj the. curl . vector

See animations at mathinsight.org/curl_subtleties



ex3) | %rm iéxtbook>

12. Let f be a scalar field and F a vector field. State whether each expression is meaningful. If not, explain
why. If so, state whether it is a scalar field or a vector field.

a. curl f VN N3ERSE

b. grad f Veclor f‘awﬁ

c.divF Scalar &Lrelo(

d.curl(grad f)  yorlor %l‘ewﬁ

e. grad F VUNSENSE,

fgraddivF)  veclor /ﬁe%

- e

D

4, el el T o own

4, i Lin Mzz gt 5)

k. (grad f) x (divF)
1. div(curl(grad f))



Mixed problems  (since Quiz 8 is comsdatie)

Let A be the surface L=%tY and B be the surface 2y
2 Write an wmlegral Gk Computes the. arc Zmﬁm o e widersectipy @f A and B

The gﬁfwm/ shape is_a Cg/mdrr PO oost ,sint | snt reost 7, otteam
Cut bg a p/a/ag/ S0 the o pection, ril= <'5mfj tost , cost-sint >

ol the 7%-4”/0//’18 [s the it /?’({)/= /Srn’{: +eps”t + o5t - 2smt cost + st )
crrele . = (2 1 2smt Cosf\}l/a

Are &Mﬁﬁwfids Are émﬁﬁﬁ fbmmaﬁ%
- fab [Pee)]
2) Write an Wg)ml Wt Compudes the. surface aren of the part of B bolow A and ahove 2-0

73

Pluv)= <C°5“,«5"““, v T <u =

<’brnt/1, cosu,. 0 >

<o, 0.1

[Pox 7|z 1

,-0syesinu+losu

s
P -

31 cosutsinm
\SW’/M area = ffb 1dS f*f L dvdu
AT

3> Write Mng( Tt Compudes the. volume ﬁj the solid imside B, below A and above. Z=0

’ Volume under /f fley) dA

a surfuce
Solid
iteres

= f{ Xty dA

—‘Jj fol(r’cw9+r5m9> rord 8

4 Wl’bf(’, M/M’b&?g/’ﬂl W Compr%; ‘%L& Wor K W bg ,E;<5y*§x‘y,3x+xﬁ>
on o perticle raveliag the Curve on problem 1w the cowtarclockwise directim,
F is conservalie. andl the path s & simple. closed. Curve, 5o the . nok i .’

5) Find the minimum vabe of  {(xy) = 42y subjct b the constraimt D.

o <L}UI%¢> 2y=2% %(%’JJ@ S mins vadue = 2
Vﬂ:<29c,23> 2= MY Oj(—éjg’; - 2
VT =AY 2ty | Jle k) =2

a('fl; 1‘%/; = -2
crit ptst (v, 5%



Tuesdmﬁu /\/oveméer [?

Keminders

= Keview How ly Compute. surface area { dectigy 12 -é>
11707, 144 lowe s
[ st aA - lless importunt)

Swmw% ”g'{ a«lﬂcis about J;E A7 gud vecr g/'alds

If F IS Conservative
.. curl F-o
. . F Yas o potential Junction f such that deﬁ
. LFea? - {(Flbﬂ—j’/m)
. L Fd7 is path-independent
tar é F-di =0 g/o" A Simple Clhsed Curve C

—

f curlFz0 m a smp/g Cconnected reginv, then F is conservative.

/ﬁ all crreum stances N
.. cul(74)=0
div (cur| F)=0
. iébﬁ-d? ’f{ Ox-P aA  (Greew's T/Leorem/)

vo. [Far-[" Blrw) - P ot

Go 70 student.desmos.com aud use code QDC AC8
Do the * Consermtive or not" achiviy



Check-in 20

Use Greens thaorem tr evaluate fcﬁ-dﬁ where F- i3, 2x5> and. C s the
m'angle with vertices (0.0, (1,0), aud (1.3) oriented clackwise

t
Draw C

— X
Is E conservative?
Q 7 2%y DENITS No, ot conservative, s we cant coclude if'd/f‘O
QX = 2\(1 P.J = O

Use Green:s #zeore%

Our curve C fas the mgw‘vc O Leriatin. relative tr D, so we. must Correct with a mgm«; Sign
- t
$F-d¢ ;—ffb Cix=Py dA
{§ 3%
==L 2y dys
|3




W ﬂmdo% Nevember 18
= Compile " HW 13 dor André

2.6 Swhace ngls

A surface dntearal is o double Mﬂml where the do/m%oj mz«ﬂmzm ls some surface O-

There aye o different Kinds ~ one where we inegrate 4 Scalar Junction and e Where. we
ijﬁ a veclor jwm;ﬁaw

E_’Mﬁé Exmgle

Let 7%(32\) be #Le/popmﬁmdem%? Let }?(x,a,f) be a veclor %ield depicliig

at ot (14,2 Then the W(ﬁml the rate of flow of some. . Jluid Then the M%gml
i Jon=> over a surface Compules o F over the surfuce grves the rate of. fow

the Total population o the Surface of the &//mzi f/fwug//b WSur/acf.



S ur@(ace MLZZ’W oj Scalar %Wzm - induidim

/ S Wafma S with paramelyizationw
77 F/u,\/3=<9<(u,v) ,3(M,v),2-(u,»0 >

Area % W? /pnra/ég/ogrm/pm
aj Surface S is

5 urﬁ/ace MZZJW oj Scalar /mmm - Computatun
!f 70{7(»\%2) 45 = Mféj{; f{f”/u,vﬁ !F; X F}, dA

K N Y
dS ,a,w}ﬁ pakeh of S

I #Lesw/acc N) fappens 1y be of the iarm/ z=g(x,3),t/am

[f 7%@,7) A =Mfe{ f[u,v,g(u,vﬂ g__*\/_h/w
4S ,M;% /pafc/t,pa’ 5




ex 1) Evaluate {f X AdS where 5 is the sphere Xy’ 29

/Dammetn'ze S Use spherical-amspired. paremetrizatiin, with P23, Qand varging

F/Q/cp}-— <35/’n¢€os9,55/‘n¢5/'n9,3)[05¢ > 002 , 054’57T

CWMA/OME /l”;x?;,/ F@ = <-35/n45.5m19, 3smesd , D >

o . = (-3 Cos4>c059,5605¢>5m9, -3smb )

7, x F¢ = < ~Tsim¢ w38 -qsni¢ sin@ ,-9smbpospcos® ~Asmpeospsin®0
= < Tsn 450059 -T s sm@ ,-Isindcosd /

/)"; / (8 51n"(,bcos‘9 + 8l sin'¢ 5/n’9 + 8lsrn*@ cos*d >VZ

(8 sin'd. + 8lsin 4) cos 45)

(8l s> (sin>d + o)D"

= Qsm¢

Write M@m{/ f:j:ﬂ(j sind ess®) M) a0 d¢

x

!

I\

Ii—’;x?}l

8l qur smjcﬁ fom C05*8 48 dCP
8l foqr s’ dé
BIT [T sing (- cosp) d & U=cosd . olus -smpdf

-8 [ -y du
Bl [u-suw]”
o NINEES '*5]
2F 4T

108




ex2) Evaluate fsf Kz5dS when S is the ol the me 2% +y" belween -1 and 2-3

'6’ /7(1+3’é‘1

o KZ“}’;(

/J/"{

Sketch and
parametrize. S

Pla)= S u, v, {ueey? >

2

N — o 9z \?
/hxm(’ (33)4%)41
=)
e ) TV ) 1L
:\/ w>+ v vy

ur+v?

-z

Compute )})’Mx;f;/

MZ(M‘—WL) (1=
uvjl ;’V?“J as
X'z"  |F xF,]

White untegral
2%
ﬁfof rcos™0 - v’ - rdrd@
g
x°z” AA ww polar
2T 5
= f f reos'6.drde
Jz f:ﬂ C0s’9 fls r* drdd

[z T ()

e
3

Use. the Fact that Z=J7+_y’

5 a jmaﬁlﬁwaj %twﬂy

F/M,‘/): < “, v, W>



ex 3) Evaluate {f yz aS where S s the purt of the plone Atz =] ,mtheg,rst octant .

§/<g+ch ang pAmerm'zg S

Z = |- v -
; L Z2 - %y

’};3[(/\,\/5; <M /\/ ) J"M“\/>

1 >7(

[

[W\pmf‘f }F"M ><m/ g \/ (w\)z + /*‘57 + | B 6

Jrbe i ﬂ v (Y 75 dA

3‘“ NNED

Un+v=|

A4y= L iy
Y Bff S lrua). dudy
. oVo

7 K=u

(3'[ J v-uv-v® da dv

-V

RIS S AL

0o

3 fo‘ oy v = 50NV = vEGY) dY

)% /



A
5w/%acé %45 2 possz’bfe orientatrons |, if it is orientable  at all

?){ﬁmplé . SF}W'—C

norval  vectors to
’H\é Sur ¢ sphert
for oot

onented tnwarg "

onented “outwara

X mplet hon - losel] SW/%LJC

u \
‘4? ward 0 n'm'fah'or\
W n
Aown ward

onentatim

A M, om'fﬂﬁb/é it 2l

SON Obyds

A Mobi '
us Strip does not ave
Atstinet  “back" MZ’ ’ mi:'[f fu A Klewn botle does nst Have  distinct
% “tnstde and  “outsrde

—




W% November 20

Reminders

= AL Week 13 Webdssign due Sunday begore midnight
T HW A Sectim 13.6 (relevant tr Quiz F)

- Swd% e Quizzes 7 and 8

3.6 Surjace_iniegrals _(cone)

Recap

Fron yeslerday's praject DM owe think of the arrows of vector Jreld F s represeniing the. velocity o @
/lomu? W, thew we Can caleulate - the 5/[«)( (flow vate) t/mug/t an oé/'eof.

/

The component é/ V that WW
passes theough C s the orthogonal
Compment V-7t Then the %/ux
acnss all %/ Cis

fcf-ﬁds

4
4
/
s
/
/,
%
4
/
7/
%
/
/

B i i i P e o Vo S
et e B T

/
/,
4
7
Z
7
Z
/,
/,
4
/,
?
/

T o Do T N P g~y




But rml-l«%e /flﬁ’rs are - surfaces in 3D. space ,mit - fust a Hlat cuwe i 2D space ] So lets develop the 3D versim

Fluz - the intuitim

The wnit normal tr the
Furbe_ .7

Surgace 15 Tl i

The compment of F orthogonal
S s F

Then the Tital 3’/%,% acnss
the Surface S s éf F7dS

Flux - the computation We neet br gecide. which, side
/JJ S 15 the ‘outside”

Flux 0j F atwss S with, Some orientation

g Feids - ff(f/mvb ' /@%/ aA

uved

These scalars cancel !

ff F/Fle)> ‘ (F“ Xﬁ/) aAA Yom mﬁa need. T l’&p/ﬂéﬁ the veclor ?:X?: With

Uvep
Q/ its opposite . -(FuxV,) An order Te match our

desired Choce o&f ‘Yt ward" direction




ex4) CJWupMI& the Jlux of F- <X,ﬂ, Z"> Across. the surf-ace S, where S.1s the purt. of the
e z -7y beneath. z=1  wish, donnmar. orieniation

Skm}g i top edge /5

g iy u, v, Ve )
Paramelrize S UV.in . uw*+viel
i

Cm/om Vux?, and \erily orientation

Floy)= <u, v, VUV p

- U
[y .= < (0., Ve ? Notice the z-Compoment. s fpos/'t{yeov <———
v v
Fv = <0/1; \[—ﬁ:> \SOWSMFM VWI’MM,ST/PWWWM, A
x . / Oppesite U the divectins we want ! ntoduce '
Fuxﬁ"<m » T 2L élltegamesfgnfo'fx this
ournormal3<w’:7* M[FVJ* ’“1>
Compuz‘e Flrun) (7 x7.)
F(Pun) (7, xﬁ) - < u, v, (*+ V’)2>' <¢,727 >7\//?V—+'_F =
i

z
\Y 2
S T e )

= W - (M‘Jn/’)z
Write Wﬁml and . Compute

ffm - (m‘+v”>z dA

Uved

{f FeidS =

= lfo‘(l’ - ) Forde
- o P S dr

com (%)

_| ar

= ——

S




exs) A Jlun Tas dens iy 870 kg/n’ dnd Jlows with. velocity VEzT+ ]+ 7k where K Y.2 are
measured wn mders and - the. comporents of V. are aw melers per second. Find the rate o flow

oulward tﬂmgh the thwfer %’-'JZ 4,021

F/u,ﬂ: <Zcoj M,ZSMM,\/>
OzUt2m , 04Vl

Sketth and
Prrameliize S

CM,DM Vux?, amd verif Y oruentation
Fluy)= <2603 u,25mMu /\/>

FM — <'25mm, 2cosu , 0 ?
7= <o 0 1 > Notite if uso, then Tuxf, is the Vector
v o L !

$2,0,0. Thus rs andecd the “out ward" direction,
No  correctino needed

FMXF:/ - <2605M , 2sinn , 0 >

at u=0

COWL,DMZ% FlFun) (7 x7.)

/E[F(u,yﬂ '(Fuxf,,) = <v, 43 u, ‘}Cos’m> : <2€o.§ u, 25mM,0>

=2V cosu + Bsindu

Writz Mgm& and. . Compule
™
g /—f'ﬁdﬁ = J:f:\/ Cosut + Hsmu . dudy
- folv /OMCOSM du dv T jolfoﬂ sm>u du dv

= 0. m*/s

Flaw = b -donsiy - [0)(570). K9/5 = |0 g/




An. asile. about boundaries
What is the boundary of eack object”

(&

(b : %/%ma carpet
©  parabolovd cup
(shett)

(”‘) ‘ unit Sp/tere
(a shell, not flﬂﬁd)

(&) Sold ball
( f/'//&d)

Y gt
N

£

() line seqment

( () solid cone
/f/‘//m[ nside.)

Answers. an green

(a) :
(b) : g’/?lng Carpet
& parabolocd cup

(shell )

(4) ‘ Unit spheve noneg.
(a shell, it illed )
le) Sold ball Sh&u
( %/'//ed)

g
() (cmzt qm/c /\
ot fillen) . none
NI

tw points

() solid cone 6hel/,
/fr//fd dnside)

(h)  line seqment _—



ex6) Cowzpute the flux of F- <9<’/ ¥, 22> Across. the surface S, where S s the bmnﬂiﬂrg oj‘éﬁa
Sold ﬁa@/ c(gé&mer 0£Z2[ry* ,04X22 . Use oudward orientutin

Sketrh and
Py amelrize S

Compute r. xry and. verify orieitatiin

For top prece F,

r =< w o, sy lsmv>
(,’f‘l)u=< o0 ) >
(T)Y=<O I-.Sml/léos\/>
(F), x (7). = < 0 , “cosY , -slh ¥V >

but the ovientatim 15 wrong
<o, cosv,sin v)

Our nhormal vector *

Compwfe ﬁ/me) “thsr)
For top .prece P,

< u* u&v,sm’v) - <o, cosv, smv>

Cos*V + 5th®V

White ey ra and_euslocte

For top .prece P,

LI 3
ff(‘os3v+5m‘v Adu dv

0 YO

a
zfo Cos®y ¥ stV dudy

8

—

3

Four preces Jorm _the bomﬂfwg /

Cods vV
2

U

Top );.-=< “
Bo tom. F< woo,v
Front i< 2
Back 7o2{ 0

W

{ 2, dwsv fusm 7 osuel © osyeT
Co L uew ,usmv)  osmsl  osveT
) sm\/> p4lhz 2 0£VET
, 0 > beU L2 -2V el
.V > -ley el 02 Ve 2
v > due I CE

/

Note: | could. use. polar-mspired. toordinates for Frnt and Back, bud | chose rectangular

because it makes the numal vector msdw, lor %#M»

For bottm piece F,
oS e v e
Mse/ul Tp * This piece of the bmdaﬁ
5 a flat rcczhngje,so we Can é/md the
Hormal veclir visually [+ should be the
downavard. unit vector |0, 0,-1 )

For. botton prece 7,
Cur, v*, 0 7+ <o,0,4)

el

For bottom piece T,

[ o as - 0]

+ 2T

FW= %+O+27T+D= %‘

For %/’om't pece 7, and back price F,

-{ 2 , no o,V b
7o { 0 , W,V )
u:zdu( G These preces are éf/d, )
their pormal Veclors, can be foundt V:'suallg
n #orjmd-‘ {1,0,0p } Ty Should Fure

A hormal that
A for back: {-1,0,0)

oYb

pomis dnrwm(
while 1, Shwuld
point backnard

For. Jront piece T,

<2=.) Mz, V’>'< '/O/D>

For. back prece T,
<0 ’ Mz/\/z>'<",0)0>

0.

For %rnn;é piece T,

[ a4 g 5)-

2T

For back prece 1,

[ o.ds =0




Chec-in, 21

EVM%Z@ [f [7(434 Z) A4S  where 5 I3 a p;zm{dg[ogrmp given éj X=Utv, g:u-l/, Z=1t2u+v ,05U:2 , 0¢vsz|

(jmal answer should, be 1!07)



MW Noventber 23

Reninders

- \SW% é/or Quizzes 7 aud 9,

23rd 24th 25th 26th 27th ‘
Wab/’ss:gm [3.6b
13.7 - Stokes’ Review Remote office Fall Break Fall Break  due Su Noy 29
Theorem hours during class
QUIZ 7 time No Class No Class
QUIZ 8
30th Dec 1st 2nd 3rd 4th
13.7 (cont.) 13.8 - Divergence | 13.8 (cont.) P: What is This A: Fundamental
Theorem Thing? #3 Theorem Practice
- (Types of
Corrections % " Integrals) A: Fundamental
Quizzes F+8 due Theorem
HW 14 due Matching

13.F Stotes: Theorem

Recall that Gireens thewem Says gb F- {P, Q> we Enow f/:“/f fo K dA
Stokes’ theorem is a Souped wp versww zg’ Green's thesrem. that works #f,,,/ E-<P, Q.RY

Stikes' thewem. © Let S be an oriented piecewise-smosth Jurfmz that Is bounded by & sumple., closed,
plecenise -Smaoth bomm’mgt cure C with pasitive . oriendatino . Let F be a vetir a/eld whese  Components
Tave. contvimuos partial derivatives on an open regmv A //2 Yt codans. S. Then

JFosp - | ourlF a3
c S




In, what Wmd/t we Greews anad Stikes theorems related?

Green's SHYS Uhese Anlegrels are equd

i,

% Qﬂ%

R R

ISR N HJ‘H

| /ni%ml (6{ :E a/m(? caE— /mgm,( Jj @X—Py Q}’B@Mb dl@}/ﬂ//%/
the curve C e orer regim. D \/; 49/5@/'2;:%
lokes’ Theorem

%m/ %/a:{f SW&MS Y
Stokes’ SHYS These. Ainligrals are egual

/M(%r’a,[ 00‘{ /EW% PN /kbfﬁ?f’ﬂl J&'/ curl E

over 5Wf%aze S _ |

Pectare of surface S

and. curve C ﬁ)geﬂwr

_\—*\_\_\_

e




Stikes’ thesrenme intution

55 anspection,
fc Fedr= 0

curl F=0 emgw/wre

%m wmspection,
jc Fedr = negalive
Curl F- 0 ms. ew:ramhere

but wst zero. (with
Chockuise matio )

o g

[604 mspection,
jc Fedr= posiive
Curl E = wt zern, with,

Counlerclock wise
moligw




If ve compute L[ F-gz as [ Far+ [ Foar,
We see Uit one piece. of the untgrl alrng G, Cancels with .
one prece of the ungal almg Gyt Jom the sntegral wer C.

The Same principle. applies . /or. fm%er. Subdwisims.

JFM JFodr + [[Fodrv e prLr

t/u CW/ rd’ F /5 exm%

Wdﬂ as ﬂw loops get Tuier (take a limit) | each fF dr rpmﬂ’uces .dze cwmemtng’ #/ue Ca///.og F )
w’#wgwwl tr the surface In other . words, LF dF =F -7 insite 72«% lop Ce. Then. W?' Mp. emg ﬁlr# loop
across pll ¢f S, e 5&% S .

JFar-] /?;dF: LBz [ P

§’

R
- Fi curl F-i . curl Fi
+ .
¢ TG T

[l

.
h

N §

f Bt s

O



THE MORE COMPLICATED THE MATH,
THE DUMBER YOU SOUND EXPLAINING [T

GTOKES' THEOREM? YEAM, TUAT'S
HOW \F YOU DRAW A LOOP AROUND
SOMETHING, YOU CAN TELL How MucH
SWIRLY \§ W I\T.

smbc-comics.com/comic/2014-02-24



ex ) (part ¢f HW 14)

1. A hemisphere H and a portion P of a paraboloid are shown. Suppose F is a vector field on R?* whose
components have continuous partial derivatives. Explain why

ffcurlF-dS=//curlF-dS
H P

H




ex 2) Use Stokes' theorem Tr evaluate fc? 47 . Let C be oriented counterclockwise when viewed fom abore.
Flxy2- <5z, 222, €9 ) and C is the circle Kry=lb , 25

\S/@ZZ% ﬂj C To use. Olskes’ I%eor&m, we wani T Create. a 514%4«:
l vadis S Whase ﬁomdag i5 C. One optaw 15 the //mf disk  Inside.
Q}/) C oriented aw the vpward  divectin
J;F'JF - ifﬁurl?'cﬁ for S the bt dsk mide C.
/%mmdﬂn'ze S: Fluvy= <“/ v, S > %or wiy* £ ‘?[
Find 7 : J’/ 56 anspecll. s the unit. vectr $0,0.1)
Compute. cur F CwlF= |0 gk B Xy lue
yz 2z e

Wrike incigral =[] Flrm) - <oy, ad
ff 5 dA
s [J 4s
§ (area. of doman of )

2z

S-TH4



—

exd Use Stokes' theovem ls evaluate \lfc(u/!):-&{g %m/

j‘;:<¢\/3£ ) ém(;%i} /:;ﬁz>

S= the qurt ﬁd Y= K +27 betwieen =0 and y=3 oriented in the direction of the psitive yranis.

z
orientation BoergL pj 5 /s 7%1 rim aj f/b& tone,
> +
je the circle with this orientatisn . below
*
3,.
% pe
\Sﬁkes’ : ff cd F 43 - f Fda7
o} A
pﬂmmm‘n'ze c: Fle)z 3sint , 3 ,3 cost > 0¢team
G ute F’(f> . rlt)= <5 st , 0,-3sint >
CWML& :E/FHD C Pl < sin’t 3% cost ) stn(27 st cost) L Tt asty » Bast, 0, -3smt>
27 st cost - 8l sin®t cost
27
N}’/ﬁt& mfeg«mﬁ : . 237 st cos*t - 8l sin®t cost  dt
|
287

't




Quiz 7 Practice 7/0(535@/%(4 ND [/@ﬁ/(/bg// 2# Math 2400 Calculus 3
J

Name:

1. Determine whether each statement is TRUE or FALSE

(a) If F is a vector field, then div F is a vector field.
(b) If F is a vector field and curl F = 0, then F is conservative.

(c) If S is a sphere and F is a constant vector field, then // F.dS=o.
s

(d) The line integral / F - dF is a scalar.
c

(e) If C and Cy are oriented curves and the length of Cy is greater than the length of Cs, then

/ F.dF> [ F-dr.

C1 Cy

(f) If F = Vf, then F is path-independent.

(g) The value of a flux integral is a scalar.

(h) The flux of the vector field F= (1,0,0) through the plane x =0, 0 <y < 1,0 < z < 1, oriented in the

positive z-direction is zero.

2. Evaluate/ F . dr.
c

(a) F(z,y,z) = (y*cos z, 2xy cos z, —xy?)
C(t) = (2 sint, 1), 0< t < 7 Kinda ugx‘&:m 6%’0?

(b) F(z,y) = (y+eV®, 2z + cosy?)
C is the boundary of the region enclosed by parabolas y = 22 and z =y
j F ,J‘ &ﬂ’ P‘{ d A (Gr‘ens -}l\m\

'[J;‘L-I dydx
AN

2

ls B conservative?
Qy-Py#0 ,s0 no

n
~

Must compate with bide Jorce
or Creens theorem. Leis use Green's,

(c) F(z,y,2) = (!, ze”, (z + 1)e7)
C:7(t) = (t,t2,t3),0<t < 1

Is E conservative? Fl-,m( Po‘tm'(:‘«’ nctron Use FTLL
el F=d .o y,ts.’,’ Vs ey + hiy 9 2 J‘c VF o dp= $endst)- Fstart #)
Use Fundamenial Thm 'J‘a ¢ (2) j[**v&j‘ xe + z¢ . ’
lﬁ Line Inksn\ls’ Jxeay - ke G by - Fleesd
J@detdz- e P(“'Z)\ = le'rre'- 0
(d) Fz,y) = (" + 2y, e¥ — xy?) = [z¢ ]
C is the circle 2% + y* = 25 oriented clockwise.
ls F conservative? [F-dr--llQrpda
Dx-Py #0, 5000 < ®
2 ff -y -x* 4A
Use brute Jorze or
0 0 . - T
Grews Bire. Lef> j f‘ rdBdr

3. 1s Fz,y,2) = (¢*,1,z¢%) a conservative vector ﬁeld7 If so, find f such that F = V.




Quiz 7 Practice Math 2400 Calculus 3

No special theorems avoilable f"" Antegral oj SCalar jwncﬁon
/ Use brute Jorce.

4. Evaluate // 22 +y? dS where S is the surface with vector equation 7(u, v) = (2uv, u*—v?, u?4v?), u*+v? < 1.
S Compute FukTv

puUE Tat v Write  inteqeal
R . 7. - Tow, 2m Y AL, L
{f’ﬁ ds - I‘J:;]‘ ’F{Vlu.v)) |Fux¥eldA ’;v . izz:, .27_‘// zzv v JJ G"xv, *(uavz)’\)qﬁfv‘*“’a dA
Cax?y 2 (hur 44y z'(q"z'q“l); )
we [f (v 2i00 4 1) (v+u®) dA
sz || (Y dA

Il (V2 4u®)
’&j:'j' (rY- rdrd8

5. Evaluate 2+ 2%y dS where S is the part of the cylinder z° + y? = 1 that lies between the planes z = 0

s
and z = 3 in the first octant.

6. Evaluate the flux // F-dS where ﬁ(x, y,z) = (xze¥, —xzeY, z) where S is the part of the plane x+y+2 =1

S
in the first octant with downward orientation.

7. Evaluate the flux // F - dS where ﬁ(x, y,2) = (0,y, —2) where S is the part of the paraboloid y = 2 + 22,
s

0 <y <1, and the disk 2° + 2° <1,y = 1.

|s -IE ('onsnga*-‘fc?

carl E=D 50 yes

Sine S is achsed
514’#4:& and  E 5 conservative,

I[E-43-0
S

-7 1 9

(a) Sketch Vf at P.
(b) Is the vector Vf at P longer than, shorter than, or the same length as Vf at Q?

(¢) If C is a curve from P to @, evaluate / Vf-dr.
c

By  Fandamenial Thm 0(7( Line mfejmls ,
[, vF a7 - flerap)- £lstart o) = 2% -23 = =3

Note: For more great review problems, see exercises at the end of Chapter 13, questions 11-28




Quiz 7 Practice Math 2400 Calculus 3

Answers

(1) FFTTFTTF

(2) (a) 0 (b) 1/3 (c) 2e (d) 6257/2
(3) f =ze* +y+C

(4) V2r

(5) 12

(6) —1/6

(7) 0

(8) (a) arrow from P pointing up and slightly left, perpendicular to the level curve (b) vector at P is longer (c¢) —0.3

X

C(W/npwfé Lireclional devivative ﬁj j//w% xfj s €% g (oo in the directiv <44Y
vE: < lea,-re", x> |v\//‘jﬁ’ =] 17
vf ()= { 1,07

D, F o= oy <17 (8) Y




Mﬂ%dw&t /\/0 V&//Wée// 50

Re minders

- Quz 7 8 comectins due Z?Wﬁ/a‘ 56{%0/’8 WMW
- Fub ot FCQs

- Ful out fegdbmk /orm, on G%ﬁé Formes

- W&b/lss;’gn/ 5.7

T HW M Sectans 137

13.F Ototes’ 77180/’(3% /('ml‘)

Kecap
States' thewem: Tor arented surW S with rpos/”/?velg oriented, 5omtzéwg C,

f/f'd? = ﬂ VxF+dS
35 s

Stokes’ says These Antegrals are egual

= A
"“'/i';g_ \ =
—

gl ¢f curl F

over sur/ace S

ex ‘/) Lef IE= \7% d/mf 6’/&3,2—) - 325/71/5(7:). Evaluate [f&ur/ﬁ-di when S is the part aj Z"*?Cj

m 04x<£L 05551

=
F = vt , Which means F 13 conservative.

SO Cw/lfjb— and ifwrlﬁ'd§7ff 6.0[5 _ m
a L



* /popu,lm/ exam. guestiow

axf) Evaduaite éffc"“’/f'dg d’or IE"<€WCODZJ LZ, 76\’1 > and S I1s A=A 1- 9> 27 oriented 4n The
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Here are some excellent worked examples from Paul's Online Notes.
Original document found at
https://tutorial. math.lamar.edu/pdf%5CCalcllI%5CCalclll_StokesThm.pdf

Let’s take a look at a couple of examples.

Example 1 Use Stokes’ Theorem to evaluate ” curl F+dS where F =227 —-3xy J+x°y*k ands
§

is the partof z=5- — y2 above the plane z=1. Assume that S is oriented upwards.

Solution
Let’s start this off with a sketch of the surface.

In this case the boundary curve C will be where the surface intersects the plane z =1 and so will be
the curve

1=5-x*—y?
X +y*=4 atz=1

So, the boundary curve will be the circle of radius 2 that is in the plane z =1. The parameterization
of this curve is,

F(t)=2costi +2sintj+k, 0<t<2z

The first two components give the circle and the third component makes sure that it is in the plane
z=1.

Using Stokes’ Theorem we can write the surface integral as the following line integral.

[JeurlFedS = [Fed =] F(r(t))-r'(t)at




So, it looks like we need a couple of quantities before we do this integral. Let’s first get the vector
field evaluated on the curve. Remember that this is simply plugging the components of the
parameterization into the vector field.

F(F(t))=(1)"T -3(2cost)(2sint) j +(2cost)’(2sint) k
=i —12costsint j +64cos®tsin®tk
Next, we need the derivative of the parameterization and the dot product of this and the vector field.
F'(t)=-2sinti +2cost j
lf(F(t))-F’(t):—23int—24sintcoszt

We can now do the integral.

”curl F.dS :IOZE—Zsint—24sintcosztdt
S

:(2cost+8cosst)
=0

2z
0

Example 2 Use Stokes’ Theorem to evaluate I FedF where F =227 +y? j+xk and Cis the
c

triangle with vertices (1,0,0), (0,1,0) and (0,0,1) with counter-clockwise rotation.

Solution
We are going to need the curl of the vector field eventually so let’s get that out of the way first.
i J k
= a a a e e -
curlF=|— — —|=2zj-j=(2z-1)]
oXx oy oz
2 yr X

Now, all we have is the boundary curve for the surface that we’ll need to use in the surface integral.
However, as noted above all we need is any surface that has this as its boundary curve. So, let’s use
the following plane with upwards orientation for the surface.




Since the plane is oriented upwards this induces the positive direction on C as shown. The equation
of this plane is,

X+y+z=1 = z=g(xy)=1-x-y

Now, let’s use Stokes’ Theorem and get the surface integral set up.

J'If-dF:'[ curl F «dS
C S
=jj (22-1)j-dS

- [[e2-1)7 Vf|||Vf||dA

Okay, we now need to find a couple of quantities. First let’s get the gradient. Recall that this comes
from the function of the surface.

f(xy.z)=z-g(xy)=z-1+x+y
V=i +]+k

Note as well that this also points upwards and so we have the correct direction.

Now, D is the region in the xy-plane shown below,




D. 1 | | 1 | T
0. 0z 0.4 0.4 0.2 l.

We get the equation of the line by plugging in Z =0 into the equation of the plane. So based on this
the ranges that define D are,
0<x<1 O0<y<—x+1

The integral is then,

[Fedr=([(22-1) ]+ +K)dA

- Ilj'%lz(l— x—y)—1dydx

0

o

Don'’t forget to plug in for z since we are doing the surface integral on the plane. Finishing this out
gives,

[Fedr= [ "1-2x-2ydydx
C

—x+1

:J‘Ol(y—ny—yz)0 dx
:j:xz—xdx
ot

35 20 ),

1

" 6

In both of these examples we were able to take an integral that would have been somewhat unpleasant
to deal with and by the use of Stokes’ Theorem we were able to convert it into an integral that wasn’t
too bad.
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Good old Stokes Theorem
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eed) Caleulate. the flux of F acrss S
F=<x3%, Kz, 7(32‘>

S s the surface of the box given. by 0¢x¢l, 0fy<2, 02723

Sketen S

Z

dvF=2P+a2Q+2R

")

OPJWB %ﬂ’” ComperMj

D Bmtegﬂme Via fsf’f -d3 - ff F(Fuun) » Fux?v 4/
Bt S, Pas 5% pleces ,5oMJr}\¢\—(‘; 6 inteqmls
2 fE happens to b wH o) s ofker VP .G ., then
JEa3 = [eadG:d3 =[G -7 (b Stokes' thm.)
S S 3
No clwe of F=cwlG .. Cand do Hus method
3) D’mrg/r\ce +hm 54y g}f-d’s’ - JIT die F av
E 5. a.rally ne shape! :
Do thrs. one.

- ZXJEE + 29(3%* Z?c:jz

ﬂbxgz

Ao JJF-d3
fﬁ ész AV
E

A\l

W\

fff 6 xg2 dzdydr



XK Common exam
eis) Caleulate the flux of F across S ques L.
ﬁ=< 7(%\{15/ Js—f 25} zs-r’)cl>
S s the dphere. centered ay the origin Witk radins >

Sketzn. S Oprons

D Brte &ﬂgrffﬁ fjfcl)é - J\f ?[P[M/VD s roxr,dA
. Y Seems aém/ij
ﬂ 25 Fo=cod G . 5o Hhat Stites’ thewem apples? No. clue!

3> D\‘»ft’rgznce Ham . Seerms /Lypw\zszyg ‘

dv F- 5P+ 50 + &R
= Ay g 362 + 3z*>

Fl = JJF-d3
3[[] wgret ay
3

=3 /O j; f:‘/Dz-/O"m‘ngb djook{)o{f?

- 3.2 £(5°) 2




er3) Colewlate the Jlux of F across O
F-<{x" -2z “tayz ”

S is the suface of the solid bounded by xey'=1, Zex12, Z-0

Z

/Plane Z=Ut+2
1

Sketch. S
s

%

—

div. F =1+ o+ 9y ”
Flux= JI F = d3

vféf AivE dV

- L)fgff Ka*ey?) AV

- []]

0 0

reos@+ =

reos® - r*s rdzdrd D

= |22
3




W@d%«%dﬂaﬁ Decamber 2

Reminders
= Compile hW). 1t for Anaré
" WebAssign 13.8

3.8 Divc;;vqenca theorem. (cont)

Kecap
D/'Vcrgcnce theorem - ﬂ F- alg = fﬂ AvFE oV

S:9F

exd)  Find the d’lax @/ /E’ < cos(2) , sinlz) X1+Jz> acrss the boundﬂr% of the
CJLLWV xiyed, 022 ¢D

Sketen. S z Op tios or Computing
@ Brite %orce - s would. reguire 3 stparate %/wr Wﬁ/’%&i

(5 Is F the cunt of some .G s Uat we can use Stikes' ! Duwno!
z © E1s a wie. shape . Divergnce theorem loks good.



=

exd) Find the Jux of F-< cost®, sinlz) | x™+ J‘> across the cguhdn’cn[ cup Given bj
0

the Tabe 744> 4, 0z ¢ and the fisk xzwlé‘f , Z=0.
Skelzh. surface The divergence theorem uses a
z Lup ,nb lop disk solid E and its entire bom&z, but
our. surface s mg a puece of bomtdﬂﬁ.’

Solutirn + Split up the bomﬁlarﬂ.

’ If E.is. the Solodeghmfer X1yed, 04223

thene s boundary OF s omade ¢f o tube and

o Olisks
S, = tap disk S,= tube-and bottim-disk
[This “is the sur%ace we care about |

Tk@n 77&@ d{'l/c’rﬁezwe %ﬁor&m/ 5%5
Q“dmﬁ g*ﬁ-dg
[ dit = [[ -5 |l a5

\

we want. this .

\

WO = JFeas .+ JJF-as.
jemz)mus o
Letsaﬁﬁmﬂy
Ccompute this.
J#-43
S5 Flawys {uv,3) wevz2
ru X7, = <0,0,1)
IE///{M,V>\)=<6053, sin 3, WrrvE ) 0 . 8/}.]-/ . Zf }Edg
F(Pluwy) » Foxfy= U™HV™ >
ffﬁ-d5,=ffu+vp[/} f]—fdg _ BT
: S»

f"/ r’ordrd@
= 8T

\




% panV\V € Xah\
estion

ch} /_ef ﬁ=<2W"[315; Zs/l’l/?ﬁh, Z>‘ FMW 3/[“)( oj /f Acrss
the paraboloid 7(*+U?‘+7_ =2 that lies abwe z-1 ond Is oriented . suprard .

Sketzh /R (/::é%

L]
—
>< S bell S disk

x ¢
ﬂffég + ff}’fcig - Nfa{u/ Fdv
s, s, c
//—‘1;— C r‘f“@
%00\\ compw oM pu
J Bz -
5> fffdn/): A/
ot Fe<u, v, 17 u Ve s E)
FMX)V; <o/0/,j,> divF=0+0+ 1
E (Flany)= {tan ' (v2), In(we0), 1Y
T:-(P'/MIVBB'?“X?V’ -1 fff L dl/
2T p) p2-0
dz dr—d P
“flr 1 dA fofojo r z
P g de
S T2



The M Otates theorem

Here's what the. Wikipedin artile on Stikes’ theem. loks ke

=  WIKIPEDIA Q Search Wikipedia

Stokes' theorem

M Language &, Download PDF  Y¥ Watch " Edit

This article is about the generalized theorem. For the classical theorem, see Kelvin—Stokes theorem. For the equation governing viscous drag in fluids, see Stokes' law.
In vector calculus and differential geometry, Stokes' theorem (sometimes spelled Stokes's theorem), also called the generalized Stokes
theorem or the Stokes—Cartan theorem,!!is a statement about the integration of differential forms on manifolds, which both simplifies and

generalizes several theorems from vector calculus. Stokes' theorem says that the integral of a differential form w over the boundary of some
orientable manifold Q is equal to the integral of its exterior derivative dw over the whole of Q, i.e.,

/ w=/dw.
0 Q

Stokes' theorem was formulated in its modern form by Elie Cartan in 19452 following earlier work on the generalization of the theorems of
vector calculus by Vito Volterra, Edouard Goursat, and Henri Poincaré.Bll4
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Math 2400: Calculus 111 Divergence,

okes’, and ‘Green’s Theorems and the FTC of line integrals

Part I - Summary of higher-dimensional versions of the Fundamental Theorem of Calculus
Fill in the blanks (assuming appropriate hypotheses are met for the integrands).

1.

The theorem regarding the equation / / F-dS = / / / divF dV can be stated as follows:

S E
Given a surface integral of a vector field F over a surface S, if the surface S is , the surface integral
is equal to a of over the region bounded by the surface. ( Theorem)

. Given a line integral of a vector field F over a curve C, if F' is , then the value of the line integral

is the difference between f evaluated at the start point and end point of the curve, where f= .

( ) o

. Given a line integral of a vector field F along a curve C, if the curve C is , the line integral is

equal to a of over any orientable surface that has the curve C as its boundary.

( )

. Given a line integral of a vector field F = (P, Q) over a planar closed curve C' (oriented counter-clockwise),

the line integral is equal to a of over the planar region bounded by C.
( )
. To evaluate / / V - FdV, you can calculate / / , where S is
E
( )
. To evaluate / V x F - dS (over an orientable surface S), you can calculate / , where C' is
S C

- ( )

Part II - Practice problems

1.

The figure below shows a surface S, which is a sphere of radius 5 centered at the origin, with the top cut
off, so the upper edge of the surface lies at z = 4. Use one of the theorems from Chapter 13 to evaluate

//s curl F - dS, where F = (y,—z,2). §Sis oriented outward.

y
0



Xingzhou Yang
S is oriented outward.


Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

2. Consider the surface integral / / F - dS, where S is the closed yurt-shaped surface shown below, and
S

F = (3z,2y, z). Notice that the surface comprises three separate pieces: the circular base, the cylinder walls,
and the conical top. The cylinder has radius 3 and height 2, and the cone has radius 3 and height 3.

(a) Discuss with your group the list of steps required to evaluate this surface integral directly.

(b) Use one of the theorems from Chapter 13 to set up a different type of integral with the same value as
the given surface integral.

(c) Interpret the new integral geometrically to find its value without evaluating it.

S is oriented outward.

y
0

3. Consider the two integrals /F -dr and /F -dr, where F = (y, —z,0), and where C} is shown below (solid),

Ch Cs
and C9 is shown below (dashed). A top-view of the vector field F is also shown. Do the two line integrals

give the same value, or not? Explain.
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Xingzhou Yang
S is oriented outward.


Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

Part I - Summary of higher-dimensional versions of the Fundamental Theorem of Calculus
Fill in the blanks (assuming appropriate hypotheses are met for the integrands).

1. Given a surface integral of a vector field F over a surface S, if the surface S is _closed , the surface integral
is equal to a triple integral of _divF over the region bounded by the surface. ( Divergence Theorem)

2. Given a line integral of a vector field F over a curve C, if F' is _conservative , then the value of the line integral
is the difference between f evaluated at the start point and end point of the curve, where 'V f = F
( FTC for line integrals )

3. Given a line integral of a vector field F along a curve C, if the curve C is _closed , the line integral is
equal to a surface integral of V x F over any orientable surface that has the curve C as its boundary.
(_Stokes’ Theorem )

4. Given a line integral of a vector field F = (P, @) over a planar closed curve C' (oriented counter-clockwise),

0
the line integral is equal to a double integral of 8—Q ~ o over the planar region bounded by C.
Zz Y

(_Green’s Theorem )

5. To evaluate // V -FdV, you can calculate // F - dS , where S is the boundary of the solid F .

( Divergence Theorem )

6. To evaluate / V x F - dS (over an orientable surface S), you can calculate / F - dr , where C is

S C
the boundary of the surface S . (_Stokes’ Theorem )

Part II - Practice problems //Aeorem& /Vﬂc'dl—; - B(7(p) - F ) j F-dp - faw F-dS ) J[ 783 = [[[dw F v
c N o€ E

1. The figure below shows a surface S, which is a sphere of radius 5 centered at the origin, with the top cut
off, so the upper edge of the surface lies at z = 4. Use one of the theorems from Chapter 13 to evaluate

// curl F - dS, where F = (2y, z, z).
S

- a tward
ks like St tharom. (G5 s it e

jj CMV{}:-&(\S = f FadF pﬁrﬂ//{/éﬁﬂ'zc 95 ?/f}:<5rhf,coéi,4>
3 2S ottezT
~ flﬂ CWM?; File) s Plle)y= Lceost, -smt, 0
- 2c08 t-smt dt .
o Compule F(F) - rie):
= T <2 cost, 5""‘{7/ Q?‘ <C0§t4 ~smt/g>

2e08t-srn*t



Math 2400: Calculus III Divergence, Stokes’, and Green’s Theorems and the FTC of line integrals

2. Consider the surface integral / / F - dS, where S is the closed yurt-shaped surface shown below, and F =
S
(3x,2y, z). Notice that the surface comprises three separate pieces: the circular base, the cylinder walls, and
the conical top. The cylinder has radius 3 and height 2, and the cone has radius 3 and height 3.

(a) Discuss with your group the list of steps required to evaluate this surface integral directly.

(b) Use one of the theorems from Chapter 13 to set up a different type of integral with the same value as
the given surface integral.

(c) Interpret the new integral geometrically to find its value without evaluating it.

0 | /‘ Th@ Su//%&af‘, S 1S CkaSE’O{, s s
. %ee[s Like the D/’vergmce theorem tr me.

[[Feds - J|Fds + B3 o 7.3
S i £ bebtoms

o muich work!
:f! e Compute divE: 3+241 =

e I ar
- & (volume o er)

3. Consider the two integrals / F.dr and / F - dr, where F = (y, —x,0), and where C} is shown below (solid),

Ch Cs
and C9 is shown below (dashed). A top-view of the vector field F is also shown. Do the two line integrals
give the same value, or not? Explain.
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1. Multiple Choice: For the following multiple choice questions, no partial credit is given. Fill
in your answer on the bubble sheet.

(1) (3 points) Fill in your answer on the bubble sheet.

Suppose f(x,y,2) = x +y* + 22, and let S be the level surface f(z,y,2) = 8. Find the
equation of the tangent plane to S at the point (-2, 1, 3).

(A) (z+2)+2(y—1)+6(z—3)=0
(B) (x+2)+2(y—1)+2(2—3)=0
C) (x—=2)+2(y+1)+6(z+3)=0
(D) (z—=2)+2(y+1)+6(2+3)=8
(E) (x—2)+2(y+1)+6(2+8) =0

(F) (z+2)+2(y— 1)+ 6(z — 3) =8

(2) (3 points) Fill in your answer on the bubble sheet.

Find the parametrization of the part of the elliptic paraboloid y = 422 + 2% — 4 that lies
inside the cylinder 22 + 2% = 4.

(A) (z, 40 + 22 -4, 2) for —1<zr<land 2<2z<2

(B) (z, 2?2+ 2% z) for —-2<2<2and0<z<4

(C) (x, 4 —a* — 22, 2) for —2<z<2and —V4—22<2<+V4—22?
(D) (rcosf, r* +3r*cos*0 — 4, rsinf) for 0<r<2and0<6<2r

(E) <rcos@, r? —4, 2rsin9> for 0<r<2and0<6<2r

1
(F) <§TCOSQ, r? — 4, rsin9> for 0<r<2and0<6<2r7
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(3) (3 points) Fill in your answer on the bubble sheet.

Suppose
f(z,y) =ye ™ + 3z

Find the direction of the maximum rate of increase of f(z,y) at (0,1).
(A) (2,1)
(B) (=2,-1)

(C) (3,0)

(3 points) Fill in your answer on the bubble sheet.

Find the following limit, if it exists.

22 — 2u?

lim

(2,9)—(0,0) 22 + y?

(F) The limit does not exist.
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(5) (3 points) Fill in your answer on the bubble sheet.

Let 5
T+ :
Flany) = m7 if (z,y) # (0,0)

a if (z,y) = (0,0)
Find a, such that the function f(z,y) is continuous at (0,0).

(F) There is no a for which f is continuous at (0,0).

(6) (3 points) Fill in your answer on the bubble sheet.
Let

flx,y) = (@ —2)(y* = 1).
Find f,,(z,y).

(A) (2* —2)(2y)

(B) (3z° —1)(2y)

(C) (3% = 1)(y* — 1) + (¢° — 2)(2y)
(D) (32” = D(y* — 1)

(E) 0

(F) 6%y + 2y — 32> — 1
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(7) (3 points) Fill in your answer on the bubble sheet.
Let S be the surface parametrized by 7(6, z) = (3 cos(6), 3sin(f), z), for 0 < 6 < 27 and

0 < z < 2. Evaluate
/ / 1ds.
s

(8) (3 points) Fill in your answer on the bubble sheet.
Let

—

F(z,y,2) = (zyz, xy+yz+zz, x+y+zy).
Find curlF.

B) (l-r—-y+z —l+ay, y+z-—12)

(©) Q+o+y, ay 2)

D) (yz+y+2z+1, zz4+zx+z+1, zy+zr+y+1)
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(9) (3 points) Fill in your answer on the bubble sheet.
Let

F(z,y,2) = (2 +y°, ze™¥, 2”sin(z)) .
Find divF

(A) (322, —e ¥z, 2% cos(2))

(B) (—e™¥, —2xsin(z), —2y)
(C) (32 + 2y, —e™Y, 2z cos(2))
(D) 322 — ze ¥ + 2% cos(2)

(E) 322 + 2y — ¥ + 2z cos(2)

(F) 32% 4+ ze ¥ — 2% cos(2)

(10) (3 points) Fill in your answer on the bubble sheet.
Let f be a scalar-valued function of three variables and F a vector field on R®.

Which of the following must be true for all such f and F? (Assume all functions and
their components are polynomials.)

(A) div(div f) =0

(B) div(grad f) =0

(C) curl(div f) =0

(D) div(curl(curl F)) =0
(E) curl(curl(div F)) =0

(F) grad(curl F) =0
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2. (7 points) Convert the following integral from rectangular coordinates to cylindrical coordi-
nates. Fill in all 7 blanks.

18—2x2 —2y2
/ / / yz dz dy dx
V9—z2

:j j J dz dr do

3. (7 points) Convert the following integral from spherical coordinates to rectangular coordi-
nates. Fill in all 7 blanks.

/2 pm/4 p2V2
/ / / sin ¢ dpdeo de
0 0 0

y ) J dz dy dv
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4. (10 points) Evaluate the integral
/ (zy? +y) dz + (2x2y - eyz) dy
c

where C'is boundary of the rectangle in the zy-plane oriented clockwise with vertices (0, 0),

(0,3), (2,3), and (2,0). (6
X|Jatazf- oo ¢
me C

: 35
s Jf@x’P\/CM ;:LF dF
= _ b7 [[fawE v =] F-d3
P F=vt! No because Sl E .

Cinr | /f #0D . can't ust

FTLT

Stekes /Gm{ﬂS
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5. (8 points) For the following function, find all local maximums, local minimums, and saddle
points.
flz,y) =a* =22 +y° — 3y
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6. (5 points) Consider the vector field F on R? given by

—

F(z,y) = (mcos(mx) +y, v+ 2y) .

Find a potential function f(z,y) for F(z,y) such that Vf = F.

—
“—
o
<
X
o\
o
w
{
Q_'—j
T
o
N

5
= arhan- [For
[[f o dv =] F-ds
z SE

7. (3 points) Let F' = Vg where ¢(z,y) = ¢™) + zy. Evaluate the integral

/ﬁ-df,
C

1
where C' is the path pictured below from (—5, —2) to (2,1).

Ay
2,1

FTLi. bo causé

(@]
<Y
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8. (10 points) Let S be the helicoid parameterized by
™(u,v) = (usinv, 2v, ucosv) for0<u<1, 0<wv<m,
oriented in the direction of the positive y-axis. Let F be a vector field given by

F = ayi+ (y* +1)] + yzk.

Eva,lua,te//sﬁ-dg- jV'FCJ/? _ ﬂC
- *
div F lg B th " % ’ jj corl Frd3 = j F-d7

F oot The cur arother
veutor %\6/% Not Stokes’ : .

S s net closl, rt e !
bouf\dmﬁ ”6 a4 slid £ MY
Dive ”@m (p heorzr~

b('mﬂcf &)MODWLWL LON

“ ﬁ(’FWQ c Towr, oA

u,
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9. (10 points) Let F be a vector field on R? given by

—

F = (cosz+y)i+ (e +22°)] + (22° + ya)k.

Let C be a circle of radius 1 centered at (0,0, 2) lying on the plane z = 2, which is oriented

counterclockwise when viewed from above. Evaluate F-dr.

Dz C :

//‘r’
’ . ; L3) = j }f 'Af:
curl e | J Kk Q- Py dA
N P %y hz g o ;s
Cslxsy)  ClrxE 27 xy ff}\ oliv E dV ® jf f ¢ otg

RCSEVRCED) 27 smberd))

= <o/ -y, 25 Hsm (i) >

Cur[}é #0 <b }f et Conseryative
Nit  Fundarendal The pal L Infegmls

But C s a clogd carve, je +he boww{wd/t of Tk olisk. srdle
L0 use 5712)@3’ Wi h 6: 7 lu> = L 27 orended [AFMMW{.

u"+v’é |
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10. (10 points) Let

— .

F('Ta Y, Z) - («T3 + €y2+z2) ;‘f‘ (COS((L‘4) + y3) j—|— (111(1*2 -+ 4) -+ 23) k

be a vector field on R, region E be the part of the solid sphere 22 + y? + 2? < 4 in the first
octant, and S be the boundary of E oriented outward. Find the total flux of F through S:

- Y- é/FdS

v (b))
jvo«A? TR
jj Curl F.d3 = J F-d7
< 23
- X & ff@X/Pycl/l—/gf-A?

= ~ ) )ch’»
o(r'\/ F- 5X2+5y2+5zz +D fgfotw 4V @
= [e

no  Stokes' ble F oot f'erowx,arﬁsz'Jo

BW}' 5 5 the 6‘[05@4 Lou»’w{ﬂy 06{ VLN 50{(015
So ust D[VQWVLCQ Hhmn

fff 2 (x%yzwa}o] v

]2 «/z

“f;B P pramd QL/M)CJ@
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MATH 2400

Tentative Schedule

Fall 2020

duration of the semester. M-F are remote after Fall Break.

For hybrid sections, only: MWF are in person until Fall Break, and TTh are remote for the

e For remote sections, only: M-F are remote for the duration of the semester.

WebAssign assignments will be due each Sunday for the previous week’s topics.

However, you

should complete each assignment during the week after the topic has been covered.

e The textbook section coverage for each biweekly quiz can be found at the end of this document.
MoNDAY TUESDAY WEDNESDAY THURSDAY FRIDAY
Aug 24th 25th 26th 27th 28th
9.1-3D 9.2 - Vectors 9.2 (cont.) P: Mathematica 9.3 - Dot Product
Coordinate Check-in 1 and 3D Graphing
Systems A: Intro to A: Vectors and
Mathematica (at | Mathematica (at | HW 1 due Check-in 2
home) home) )
A: Guidelines for Check—ln' 3
3D Graphing (at (Proctorio check,
home) due Sunday)
31st Sep 1st 2nd 3rd 4th
9.4 - Cross 9.5 - Equations of | 9.6 - Functions P: What is This 9.7 - Cylindrical
Product Lines and Planes | and Surfaces Thing? #1 and Spherical
Coordinates
QUIZ 1 HW 2 due
Check-in 4
Tth 8th 9th 10th 11th
Labor Day A: Quadric 10.1 - Vector P: Parametrized 10.2 - Derivatives
Surfaces Functions and Curves and and Integrals of
No Class Space Curves Surfaces Vector Functions
Check-in 5
HW 3 due Check-in 6
14th 15th 16th 17th 18th
10.3 - Arc Length | 10.5 - Parametric | 10.5 (cont.) P: Introduction to | 11.1 - Functions
Surfaces Line Integrals of Several
Variables
A: Parametric HW 4 due
Matching Check-in 7
QUIZ 2
21st 22nd 23rd 24th 25th
11.2 - Limits and | 11.2 (cont.) 11.3 - Partial P: Limits and 11.4 - Tangent
Continuity Derivatives Polar Coordinates | Planes and Linear
Check-in 8

HW 5 due

Approximations

Check-in 9




Integrals

MATH 2400 Tentative Schedule Fall 2020
MONDAY TUESDAY WEDNESDAY THURSDAY FRIDAY
28th 29th 30th Oct 1st 2nd
11.5 - The Chain | A: What is the 11.6 - Directional | P: Gradient 11.6 (cont.)
Rule Derivative of This | Derivatives and Graphically
Thing? the Gradient ) Check-in 10
A: Composition Vector HW6 due
of Functions
QUIZ 3
5th 6th 7th 8th 9th
11.7 - Maximum 11.7 (cont.) 11.8 - Lagrange P: Optimization 12.1 - Double
and Minimum Multipliers integrals over
Values Check-in 11 HW 7 due rectangles
12.2 - Tterated
Integrals
Check-in 12
12th 13th 14th 15th 16th
12.2 (cont.) 12.3 (cont.) 12.4 - Double P: Slices vs. 12.4 (cont.)
Integrals in Polar | Skyscrapers and
12.3 - Double QUIZ 4 Coordinates Order of Check-in 13
Integrals Over Integration
General Regions
HW & due
19th 20th 21st 22nd 23rd
12.5 - 12.6 - Surface 12.7 - Triple P: Applications of | 12.7 (cont.)
Applications of Area Integrals Multiple Integrals
Double Integrals Check-in 15
Check-in 14 HW 9 due
26th 27th 28th 29th 30th
12.8 - Triple 12.8 (cont.) 12.8 (cont.) P: Introduction to | 12.9 - Change of
Integrals in Surface Integrals Variables in
Cylindrical and QUIZ 5 Multiple Integrals
Spherical HW 10 due
Coordinates Check-in 16
Nov 2nd 3rd 4th 5th 6th
12.9 (cont.) 13.1 - Vector 13.2 - Line P: Line Integrals | 13.2 - Line
Fields Integrals Over Over Vector Integrals Over
A: Vector Field Scalar Functions | Fields Vector Fields
Matching HW 11 due Check-in 18
Check-in 17
9th 10th 11th 12th 13th
13.3 - 13.3 (cont.) 13.4 - Green’s P: What is This 13.5 - Curl and
Fundamental Theorem Thing? #2 (Line | Divergence
Theorem of QUIZ 6 Integrals)
Calculus for Line Check-in 19
HW 12 due




MATH 2400 Tentative Schedule Fall 2020
MONDAY TUESDAY WEDNESDAY THURSDAY FRIDAY
16th 17th 18th 19th 20th
13.5 (cont.) A: Conservative 13.6 - Surface P: Introduction to | 13.6 - Surface
or Not? Integrals Over Flux Integrals Over
Scalar Fields Vector Fields
Check-in 20 HW 13 due
Check-in 21 (last)
23rd 24th 25th 26th 27th
13.7 - Stokes’ Review Remote office Fall Break Fall Break
Theorem hours during class
QUIZ 7 time No Class No Class
QUIZ 8
30th Dec 1st 2nd 3rd 4th
13.7 (cont.) 13.8 - Divergence | 13.8 (cont.) P: What is This A: Fundamental
Theorem Thing? #3 Theorem Practice
~ - (Types of
Correcitons %} Integrals) A: Fundamental
Quizzes F+8 due Theorem
HW 14 due Matching
Tth 8th 9th 10th 11th
Review Fall Reading Day

No Class

Quiz Coverage

All quizzes are 30 minutes long. Quizzes 1-8 will be open between 7pm and 10pm on the date indicated
below. Quizzes 9 and 10 will be open during the final exam time on the University’s schedule.

e Quiz 1 (Sep 1): 9.1-9.3

e Quiz 2 (Sep 15
e Quiz 3 (Sep 29

e Quiz 4 (Oct 13

e Quiz 6 (Nov 10

):
4): 13.3-13.6
):

(
(
(
(
e Quiz 5 (Oct 27
(
7(
(Nov 24
(

9.4-10.2
10.3-11.4

):
):
): 11.5-12.1
):

comprehensive

e Quiz 9 (during the assigned final exam time): 13.7-13.8

e Quiz 10 (during the assigned final exam time): comprehensive




